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Abstract
Observation supports the theory that the large-scale structure in the Universe was
seeded by primordial curvature perturbations generated during inflation. Measuring
the departure from gaussian statistics in the primordial curvature perturbation may
reveal the underlying physical mechanism of inflation. Furthermore, a primordial
background of gravitational waves can also be produced during inflation, and their
imprints may be observed in the recent Universe. Current and upcoming cosmological
surveys call for improved theoretical modelling of these primordial perturbations in
the hope of detecting new physics. The Total Angular Momentum formalism provides
a unified analytic framework to compute for scalar, vector and tensor perturbation
fields with manifest symmetry under rotation of the sky, facilitating the calculation
of spherical harmonic observables in all-sky surveys. New dynamical degree of free-
dom during inflation may correlate with the curvature perturbation in a non-trivial
scalar-scalar-fossil bispectrum, resulting in a departure from statistical isotropy in
the fluctuations of the cosmic microwave background. Large-scale primordial gravita-
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tional waves cause polarization rotation of the cosmic microwave background photons.
They also modulate a quadrupolar direction dependence in the local clustering power
spectrum of small-scale matter perturbation modes. This phenomenon may provide
new observational avenue to search for those relic waves. The formalism of Conformal
Fermi Coordinates provides a general relativistic framework to study the local im-
pact of long-wavelength perturbations on the dynamics of short-wavelength modes.
Applying it to long-wavelength scalar perturbation, we find that general relativity
predicts no scale-dependent bias of galaxy clustering in single-field inflation.
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The physical Universe appears lumpy. Modern astronomical surveys of galaxies, galaxy
clusters, quasars, gas clouds and gravitational lenses (e.g. 1–4) all have revealed that
across cosmological length scales & 100 Mpc, luminous and dark matter are not uniformly
distributed, but cluster together in clumps. Furthermore, the relic radiation background
of the hot Big Bang coming from when the Universe was only roughly 300,000 years old,
as powerful microwave telescopes have uncovered (e.g. 5–8), also exhibits fine anisotropies
in its temperature and polarization. An abundance of cosmological measurements have
established the consensus that our Universe is an almost homogeneously and isotropically
expanding spacetime with flat geometry, but is weakly perturbed by density fluctuations
since the beginning.
The imperfect Universe is more intriguing to physicists, as it is believed that the cos-
mological perturbations hold secrets to the very infancy of the Universe, when it was much
1
CHAPTER 1. INTRODUCTION
smaller than it is at present and had a much higher energy density than what can be created
in our greatest laboratories today. Over the decades, a leading theory has emerged that
the very early Universe underwent inflation, an epoch of nearly exponential expansion of
space.9–12 This paradigm provides a natural explanation for the acausal initial condtion
and flat geometry of the Universe. During the inflationary epoch, quantum field theory in
curved spacetime further makes the remarkable prediction that vacuum fluctuations in the
energy density are unstable against the quasi-exponential expansion.13–16 Normal modes of
fluctuation with different comoving wavelengths were quickly stretched to scales larger than
the Hubble scale during inflation, and were amplified to a level of one part in a hundred
thousand, providing an initial condition for the evolution of the post-inflationary Universe
with superhorizon correlations.
From a theoretical point of view, minimal models with fewest possible content of new
physics are favorable. They are the single-field slow-roll inflation models. In the classical
picture, a scalar inflaton field φ is the only major physical degree of freedom, and it has a
homogeneous solution φ(x, t) = φ(t) that rolls down along a shallow slope of the potential
V (φ) in the field space, which drives a quasi-exponential expansion. Then inhomogeneous
fluctuations in the inflaton field seed the density perturbations. Those models are also re-
ferred to as standard single-clock inflation models,17 for the reason that the perturbations
are generated such that all horizon patches have identical post-inflationary expansion his-
tory, but are simply mis-synchronized with each other, i.e. the perturbations are adiabatic.




ds2 = −dt2 + a2(t) exp [2ζ(x)] δijdxidxj , (1.1)
where ζ(x) is the primordial curvature perturbation, a stochastic variable quantifying the
mis-synchronization in e-folds of expansion. If one performs a Fourier transformation ζ(x) ∼
∫
d3k exp[ik · x] ζ(k), then single-field slow-roll models make the generic prediction that














where ∆2ζ ∼ 10−10 gives the mean squared fluctuation, and the spectral index ns− 1 ∼ 0.04
quantifies the departure from exact exponential inflation.6 Besides, k0 is some pivot scale
of experimental choice. Parametrizing our ignorance of the inflationary physics, ∆2ζ and
ns are among the six cosmological parameters of the concordance model, and are the most
crucial to the physics of cosmological perturbations. The other parameters, including the
baryon density Ωmh
2, the cold dark matter density Ωch
2, the present Hubble constant H0,
and the optical depth of cosmic reionization τre, are independent model input. So far,
the six-parameter concordance model with the inflationary mechanism seems to stand all
observational tests.
This theory successfully explains the large-scale structure observed in the late-time Uni-
verse. The primordial curvature perturbation ζ(x) is equivalent to a primordial gravitational
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potential field (often referred to as the scalar metric perturbation) Φ(x) = −(3/5)ζ(x) when
the conformal-Newtonian coordinate system is used. The mis-synchronization of expansion
then also results in inhomogeneous density for radiation, baryons, dark matter and so on in
that frame. Since the cosmic expansion decelerates in the late-time Universe, the perturba-
tion wavelength eventually becomes shorter than the Hubble length. When that happens,
potential and density perturbations start to evolve under the influence of gravitational at-
traction, pressure and other forces, following a set of linearized gravitational equations and
transport equations. For example, the radiation fluctuation at the time of cosmic recom-
bination is observed to be the cosmic microwave background (CMB) anisotropies on the
sky, which provides a fantastic probe to accurately measure the statistics of primordial
perturbation.
Furthermore, the post-recombination Universe is dominated by cold dark matter, which
behaves as a non-relativistic, pressure-free fluid. Due to instability under gravitational
attraction, fractional fluctuation in the dark matter density gradually grows over time and
eventually becomes order unity, so that dark matter collapses into dense, bound objects
called halos, which harbor luminous galaxies that form after a series of complex astrophysical
processes. Therefore, the spatial distribution of various astrophysical objects also encodes
a great wealth of information about the primordial curvature perturbation.
Of course, the simpleness of single-clock inflation scenarios do not necessarily imply that
they are the reality. Despite the spectacular triumph of the inflation theory, detailed physics
underlying the inflationary mechanism is poorly understood or constrained. To the best of
our knowledge, there are a large number of viable models on the market,18,19 with severe
4
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observational degeneracy. Still, it can be extremely rewarding to continue the investigation
and gain further insight into the inflationary physics. During the inflationary epoch, huge
energy scales beyond the reach of terrestial experiments were involved, possibly related to
new dynamical degrees of freedom unknown to particle physicists. It is even more exciting
that a correct understanding of the inflationary physics is likely to require a combination of
Quantum Mechanics and General Relativity, a fundamental question pursued for decades
in theoretical physics.
A promising probe to distinguish between different inflation models is departure from
Gaussian statistics in the curvature perturbation. The prediction of Gaussian initial per-
turbation only applies under the approximation that the relevant degree of freedom is a free
quantum field, although in reality self-interaction or interaction with other fields are ubiqui-
tous in the action. The simplest observable of primordial non-Gaussianity is a bispectrum,
or the Fourier transform of the curvature three-point correlation function 〈ζ(k1)ζ(k2)ζ(k3)〉.
It turns out that in single-field slow-roll models, bispectrum non-Gaussianity of the curva-
ture perturbation is only at the level of 10−7,20 which is too small to have any noticable
impact in the late-time Universe. However, alternative theories to single-field slow-roll mod-
els allow for the possibility of primordial non-Gaussianity at a detectable level. In those
models, the scale and angle dependence of the bispectrum can encode information about
the mass and the spin of any new degree of freedom, and hence can be used to distinguish
between models.21
Phenomenologically, primordial non-Gausssianity contributes to bispectra in the CMB
anisotropies, in galaxy clustering, in cosmic 21cm fluctuations and so on, with distinct bis-
5
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pectrum shapes. Further, it can generate a scale-dependent clustering bias for galaxies that
is enhanced on large scales,22 or a similar enhancement in the intrinsic shape alignment of
galaxies.23 Thanks to the rapid development of observational techniques, we are beginning
to witness the onset of a golden age in which huge amount of observational data of high
quality will be acquired from current or incoming surveys. Those ambitious observational
projects include Euclid,24 WFIRST,25 HETDEX,26 SKA,27 LSST,28 and SPHEREX29 and
many others. Given the observational prospect, improved theoretical understanding of the
cosmological perturbations are in need for successful interpretation of the data.
In addition to the primordial curvature perturbation, which seeds density fluctuation,
inflation has another generic prediction. If spacetime fluctuation itself can be quantized,
like any other fundamental dynamical system in nature, gravitational waves γij are also
spontaneously produced in quasi-de Sitter spacetime as the normal modes are stretched to
superhorizon scales.30–33 Those are the spin-two transverse, trace-free excitations of the
spatial metric,
ds2 = −dt2 + a2(t) [δij + γij ] dxidxj , (1.3)
the unique propagating degrees of freedom of spacetime geometry. In cosmology, gravita-
tional waves are also referred to as the tensor metric perturbation. Analogous to the cur-
vature perturbation ζ, inflation predicts a nearly scale-invariant gravitational wave power
6
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where the tensor spectral index nt can differ from the scalar spectral index ns − 1. The
tensor-to-scalar ratio r < 0.1234 gives the mean squared amplitude relative to that of the
curvature perturbation, which is determined by the Hubble scale during inflation.
If a nearly scale-invariant spectrum of primordial gravitational waves from inflation is
detected, it will not only be a further verification of General Relativity, but will also be a
strong piece of evidence supporting the inflation paradigm. Although in linear perturba-
tion theory, a primordial gravitational wave background has no effect on the formation of
large-scale structure of the Universe, they are expected to induce temperature and polariza-
tion anisotropies in the CMB. The claimed detection of degree-scale B-mode polarization
anisotropies induced by inflationary gravitational waves in the CMB by BICEP2/Keck Ar-
ray35 was later on questioned for a probable contamination from the polarized dust emission
in our own Milky Way.34 Still, upcoming experiments including CLASS,36 POLARBEAR,37
BICEP3,38 EBEX39 and PIXIE,40 with unprecedented sensitivity and better foreground re-
moval will continue to search for signatures of inflationary gravitational waves in the CMB.
Depending on the amplitude, solar-scale gravitational waves in the inflationary background
may also be probed in the future using space-based laser interferometry.41
Given the tremendous scientific interest in using cosmological perturbations as a proxy
to probe the physics of very early Universe, this Dissertation will be mainly focusing on new
7
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developments in the theory and in the phenomenology of primordial perturbations. It will
be a compilation of five original contributions to the subject, each discussed in a separate
Chapter. Since each Chapter will be prepared as a self-contained, separate presentation
of a particular topic as much as possible, more specific introductory remarks will be given
separately at the beginning of each Chapter. Still, the topics of the five Chapters are to
some extent related to one another. Therefore, the order in which the five Chapters are
presented is mainly based on the consideration of prerequisite knowledge.
We now outline the organization of this Dissertation. In Chapter 2 we develop the Total
Angular Momentum (TAM) formalism, for perturbation fields of scalar, vector and tensor
type. Essentially a mathematical formalism of spherical wave expansion, it is an alternative
to the Fourier expansion formalism traditionally adopted in computations of cosmological
perturbations. Especially suitable for analysis of all-sky cosmological observables, such
as the temperature of the CMB, and the angular number density of galaxies, the TAM
formalism has the advantage that rotational symmetry with respect to the central observer
is always manifest. Making contact with spherical harmonic observables in all-sky surveys
therefore becomes straightforward. The formalism gives up the translational invariance of
the physics, for practical consideration, because in large-scale cosmological surveys we may
only observe physics along the past light cone, which is subject to significant evolution
with redshift. We discover an algebraic method using irreducible operators to relate the
TAM construction for vector and tensor fields to that for scalar fields. While the former
is mathematically more sophisticated, the latter is the familiar Fourier-Bessel expansion.
Further, in the formalism we implement the transverse-longitudinal decomposition for vector
8
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fields, and scalar-vector-tensor decomposition for tensor fields. This Chapter will contain a
comprehensive collection of useful, compact mathematical results for future reference.
In Chapter 3 we discuss the imprint in the initial condition from new dynamical
degrees of freedom possibly present during inflation. Generic interaction between the new
field and the curvature perturbation field can lead to a nonzero curvature-curvature-new–
field bispectrum, which appears as a modulation of the curvature two-point correlation by
an invisible degree of freedom. The stochastic nature of the new field, furthermore, would
imply an effective four-point correlation function for the curvature perturbation, beyond
the contribution from Gaussian statistics. This is referred to as the fossil effect, because the
existence of the new field can be sought for through possible distortion to the primordial
curvature two-point statistics, even if the new field is dynamically decoupled from the other
elementary particles during the late-time Universe. We study the observational capability
of detecting departure from statistical isotropy in the CMB anisotropies due to the fossil
bispectrum. Using the formalism of bipolar spherical harmonics, we construct optimized
estimators for bipolar spherical harmonics, and predict the detecting sensitivity for cosmic-
variance-limited CMB experiments such as Planck. In particular, we highlight the utility of
parity-odd bipolar spherical harmonics as unique diagnostic for the spin quantum number
of the fossil field.
In Chapter 4 we discuss gravitational lensing of the CMB temperature and polarization
by a background of inflationary gravitational waves on large scales, which is analogous
to gravitational lensing by foreground matter inhomogeneities. Using linear perturbation
theory, we first present a general discussion on the impact of general metric perturbation on
9
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photon propagation, including the effects on energy, on momentum, and on the polarization
state. Utilizing the TAM formalism, we then derive harmonic-space lensing kernels to
quantify the distortions to CMB temperature and polarization angular power spectra due
to general weak gravitational lensing. Our new contribution to the literature is accounting
for the gravitational Faraday rotation of the polarization state in the presence of vector
or tensor metric perturbations. We demonstrate that this rotation is fully coherent with
the parity-odd deflection of the line of sights, and therefore must be supplemented to the
previous results on lensed CMB polarization. This leads to corrected formula for the lensed
polarization angular power spectra. In the case of lensing by a background of primordial
gravitational waves, we show that ignoring the effect gravitational Faraday rotation results
in an overestimation of the secondary B-mode polarization pattern converted from primary
E-modes.
Chapter 5 has focus on the imprints of large-scale primordial gravitational waves in
matter clustering during the epoch of large-scale structure formation. In standard single-
field inflation, the correlation between a long-wavelength gravitational wave and two short-
wavelength scalar modes before horizon entry is constrained by the tensor-scalar-scalar
consistency relation, which requires that a local observer measures the same scalar two-point
correlation as in the absence of the long-wavelength gravitational wave, when compared at
the same physical scale rather than coordinate scale. However, we show that after horizon
entry the gravitational wave oscillates, and the growth of matter perturbations on short
scales is influenced by a time-dependent tidal force. This eventually results in the following
fossil imprint: the locally measured two-point correlation of the matter density field (or
10
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galaxy number density) on small scales has a quadrupolar dependence on direction, which
is modulated by the gravitational-wave amplitude over large scales. The fractional strength
of the quadrupole is equal to the superhorizon amplitude of the gravitational wave. We
demonstrate that this fossil effect is permanently imprinted in the large-scale structure
even after the primordial gravitational wave redshifts away as the Universe continues to
expand. Based on this effect, it is suggested that with massive galaxy surveys in the future,
large-scale intrinsic alignment of galaxies may become a promising probe of primordial
gravitational waves.
Finally, in Chapter 6 we study how a long-wavelength perturbation in the Universe can
locally impact the short-scale dynamics. We show that in the vicinity of given free-falling
observer, the Conformal Fermi Coordinates (CFC) can be constructed, which resembles a
homogeneously expanding Friedmann-Lemaitre-Robertson-Walker (FLRW) universe. The
validity of this “separte universe” picture is limited to scales larger than the sound horizon
of the cosmic fluid, and relies on the absence of anisotropic stress. We find that the isotropic
effect of a long-wavelength scalar/density perturbation is a modification of the expansion
rate and an effective spatial curvature, and the anisotropic effect is completely captured by
a tidal potential in the Newtonian form without explicit general relativistic correction, as
long as the potential is given in the conformal Newtonian gauge. We then apply the CFC
formalism to compute how the growth of subhorizon-scale matter perturbation is modulated
by a large-scale density perturbation of arbitrary wavelength, a calculation that usually
requires a full relativistic perturbation theory at second order in metric perturbations. It
turns out that the well known result computed in the Newtonian limit continues to apply,
11
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as long as the long-wavelength density perturbation is interpreted as in the synchronous-
comving gauge. Our result has the important implication that in full General Relativity,
physical modulation of short-scale dynamics must scale with the synchronous-comoving
gauge density constrast, rather than the metric perturbation itself. Therefore, our analysis
proves, as opposed to previous claims in the literature, that in standard single-clock inflation
scenarios, zero scale-dependent galaxy bias is predicted on all scales. This result is crucial to
the interpretation of the data from future large-scale structure surveys aiming at detecting
primordial non-Gaussianity from new inflationary physics.





Cosmological perturbations are described as continuous fields with spatial variation
and temporal evolution. Some of them are scalar-valued fields, such as the density for the
dark matter or the temperature of the CMB. Others are vectorial or tensorial fields that
carry multiple components that transform nicely under three-dimensional spatial rotation.
The vortical velocity field of the dark matter and the primordial magnetic field are good
examples of vector perturbation fields. A famous example for tensor fields is gravitational
wave.
We will restrict our discussion to fields living in three spatial dimensions. To avoid
confusion with the magnitude of a Fourier wavenumber k = |k|, we use letters a, b, c, ... =
1, 2, 3 for tensorial indices. We will use ∇a for spatial gradient, δab for the symmetric
13
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Kronecker delta, and ǫabc for the anti-symmetric Levi-Civita tensor. If confusion does not
arise, we will rely on the type of the argument (real-space x or Fourier space k) to distinguish
between a field in real space and its Fourier transformation. Besides, (· · · ) encloses a pair
of symmetrized indices, and [· · · ] a pair of anti-symmetrized indices.
A scalar field φ(x) has one degree of freedom. A three-dimensional vector field V a(x)
can be decomposed into a transverse component with two degrees of freedom, and a longi-
tudinal component with a single degree of freedom,
V a(x) = V aT (x) + V
a
L (x). (2.1)
The transverse component is divergence-free∇aV aT = 0. The longitudinal component is curl-
free ǫabc∇bV cL = 0, and reduces to the gradient of a scalar field. This transverse-longitudinal
decomposition for a vector field can be generalized to the scalar-vector-tensor decomposition




δab h(x) + habL (x) + h
ab
TV (x) + h
ab
TT (x). (2.2)
Apart from a scalar trace h(x), the longitudinal scalar part encodes another scalar degree
of freedom habL (x) ∝ (∇a∇b − δab∇2/3)ξ(x). The transverse vector part habTV (x), obeying
habTV ∝ ∂(awb) with ∇awa = 0, contains two vectorial degrees of freedom. The transverse,
trace-free tensor part habTT (x) contains two genuine tensorial degrees of freedom and satisfies
∇ahabTT = 0.
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The dynamics of cosmological perturbations in general obey nonlinear field equations
and are therefore complicated. Fortunately, the perturbation amplitudes are often small in
practice, and linearized equations for evolution are excellent approximations. In that case,
a perturbation field is conveniently decomposed into normal modes, which obey decoupled
equations of motion. The choice for normal modes is conventionally determined by sym-
metries of the physical problem. Since the bulk property of the Universe is homogenous at
fixed cosmic time, according to the Copernicus Principle, a popular choice for normal modes
are plane waves of definite wave vector k, which are solutions to the Helmholtz equation
(∇2 + k2)Ψ(x) = 0.
This Chapter is mainly based on the published work of Ref.42 We first briefly review
the plane wave decomposition in Section 2.1. We then start with a spherical wave decom-
position for scalar fields in Section 2.2. Generalization to vector fields will be presented
in Section 2.3, and to tensor fields in Section 2.4. Concluding remarks will be given in
Section 2.5.
2.1 Fourier decompostion













CHAPTER 2. TOTAL-ANGULAR-MOMENTUM WAVE FORMALISM









= (2π)3δD(k− k′). (2.4)
When generalizing to a vector field, three independent mode functions exist for given k,

















i [k× (k× ẑ)]a
k|k× ẑ| e
ik·x, (2.5)
According to the transverse-longitudinal decomposition, two transverse modes have their
polarization vectors perpendicular to k, and one longitudinal mode has its polarization







= (2π)3δαα′δD(k− k′), (2.6)
where α, α′ = L, 1, 2 run over the three polarization states.
For a rank-2 symmetric tensor field, each Fourier component of the tensor field can




ab(k̂)hs(k) in terms of six polarization states ε
s
ab(k), where
s = {0, z, x, y,+,×}, for the trace, longitudinal, two vector, and two transverse-traceless
polarizations, respectively, with amplitudes denoted by hs(k).
43 The polarization tensors
satisfy εs abεs
′
ab = 2δss′ . The trace polarization tensor is ε
0
ab ∝ δab, and the longitudinal is
16
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where wx,ya are two orthogonal (wx aw
y
a = 0) and transverse (kaw
x,y
a = 0) vectors. The two
transverse-traceless polarization states have kaε+,×ab = 0. The two vector (spin-1) modes x, y
can alternatively be written in terms of a helicity basis by defining two helicity-1 polarization






2. Similarly, the two transverse-traceless (spin-2) modes +,×
can alternatively be written in terms of a helicity basis by defining two helicity-2 polarization




2. Analogous to the case of vector field, the tensor plane waves
Ψs,kab (x) = ε
s
ab(k̂)e







= (2π)3δss′δD(k− k′). (2.7)
Although commonly adopted in the calculation of cosmological perturbations, the
Fourier decomposition has drawbacks. First, translational invariance of plane waves does
not necessarily bring about simplification, as cosmological observations are usually carried
out on the spherical sky with manifest rotational invariance. In practice, only the past light
cone is accessible to the observer, and physics necessarily vary with increased radial distance
from the observer, since the further the observer looks, the earlier she traces back in time.
Second, for a single Fourier mode, the wavevector k picks out a preferred direction in the
sky, and the plane wave does not transform in a simple way when a spatial rotation about
the observer (the spatial coordinate origin) is performed. In particular, a definite Fourier
wavelength does not correspond to a fixed angular scale on the sky; conversely, a spherical
harmonic observable at a given angular scale receives contribution from an infinite num-
17
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ber of Fourier waves with different wavelengths, resulting in non-trivial convolutions when
Fourier power spectra are being converted into spherical-harmonic angular power spectra.
The inconvenience becomes the most severe, when vectorial or tensorial observables are
involved, as the non-trivial transformation of the polarizaton under spatial rotation adds
to the algebraic sophistication.
To address the aforementioned problem, we are motivated to develop the total-angular-
momentum wave formalism (TAM),42 a spherical-wave expansion scheme. In this formalism,
we preserve manifest rotational symmetry by decomposing perturbation fields into spherical-
wave mode functions of definite wave number k 1 (as oppose to a wavevector k), definite total
angular momentum J and its third component M along a chosen quantization direction,
and possible polarization type in the case of vector and tensor fields. The wave number k
is inversely proportional to the length scale of variation for the spherical wave. The total
angular momentum quantum numbers, J andM , determine the pattern of angular variation
across the sky. In the case of vector or tensor spherical waves, total angular momentum
will be the sum of “orbital” angular momentum, corresponding to transforming the spatial
position ~x, and the intrinsic spin, corresponding to transforming the vectorial or tensorial
components. In addition, the polarization type describes transversality or handedness.
Apart from the above geometrical consideration, dynamical consideration further jus-
tifies the use of spherical-wave expansion in many applications. In linear perturbation the-
ory, translational invariance of physics guarantees that individual Fourier waves are normal
1This means that the TAM mode function is solution to the scalar Helmholtz equation (∇2+k2)Ψ = 0 or
its vector or tensor analogues. Since in cosmological applications we require that mode function be regular
at all points, including the spatial origin, we pick up only one solution of the second-order equation.
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modes, i.e. they are decoupled from each other. A scheme of spherical-wave expansion still
has the same advantage, because normally physical systems in cosmological context are also
rotationally invariant. Therefore, TAM waves is an alternative, but desirable choice of nor-
mal modes. Beyond linear order in perturbation, study of the general form of cosmological
bispectra under the TAM basis has been attempted.44
In the following sections, we elaborate on the TAM formalism, distinguishing between
the cases of scalar, vector, and tensor fields. We develop an elegant operator formalism to
relate TAM wavefunctions of scalar, vector and tensor types.
2.2 TAM decomposition for scalar fields
Since scalar fields carry zero spin, the total angular momentum can be identified with
the usual “orbital” angular momentum. Therefore, the TAM expansion for scalar fields are
the well-known Fourier-Bessel expansion.
A TAM mode function for scalar fields, having wave number k and angular momentum
J and M , has the following factorized form,
Ψk(JM)(x) ≡ jJ(kr)Y(JM)(n̂), (2.8)
where 0 < k < +∞, J = 0, 1, 2, · · · and M = −J,−J + 1, · · · , J − 1, J . Here jJ(x) is a
spherical Bessel function of order J , and Y(JM)(n̂) is a spherical harmonic. The spatial
position x is decomposed into a radial distance and a unit vector of direction x = rn̂. Any
19
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d2k̂ φ̃(k)Y ∗(JM)(k̂). (2.10)









(J ′M ′)(x) = δJJ ′δMM ′
(2π)3
k2
δD(k − k′), (2.11)












= δD(x− x′), (2.12)
Fundamental relations Eqs. (2.8)–(2.12) form the basis for computation with a TAM ex-
pansion for scalar fields. Expanding a scalar plane wave by scalar TAM waves reproduces







In cosmology, the initial condition for a perturbation field is often stochastic. The sim-
plest measure of its statistical property is the power spectrum, the Fourier transform of the
20
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2-point correlation function (2PCF). A statistically homogeneous and isotropic perturbation




= (2π)3δD(k− k′)P (k), (2.14)
where P (k) is the (isotropic) power spectrum. Here we use 〈· · ·〉 to refer to ensemble average.










δD(k − k′)δJJ ′δMM ′P (k). (2.15)
It can be seen that for a statistically homogeneous and isotropic random field, the 2PCF
under the TAM basis is also diagonal. The relevant power spectrum P (k) coincides with
the usual one under the Fourier basis.
2.3 TAM decomposition for vector fields
We now develop TAM basis functions for spin-1 vector fields.
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2.3.1 Vector TAM waves
Vector fields carry one spatial index and has spin-1 under rotations. To construct vector





a = ∓ (exa ± ieya) /
√
2. (2.16)
We can then straightforwardly construct an orbital angular momentum basis (OAM) by







Here, Clebsch-Gordan coefficients are given in the notation 〈l1m1l2m2|JM〉. The quantum
numbers have range J = 1, 2, . . ., M = −J,−J + 1, . . . , J − 1, J , and l = J − 1, J, J + 1.
These vector basis functions are eigenfunctions of the orbital angular momentum squared
operator L2 = LaLa with eigenvalue l(l + 1). They factorize into a radial spherical-Bessel
function multiplying an angular vector spherical harmonic Y l(JM)a(n̂) (of fixed orbital an-








Y l(JM)a(n̂) = δll′δJJ ′δMM ′ , (2.18)
2Barred indices like m̄ are reserved for the order-1 spherical basis.
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(J ′M ′)(x) = δll′δJJ ′δMM ′
(2π)3
k2
δD(k − k′). (2.19)












= δD(x− x′). (2.20)
However, the OAM basis is often inconvenient, because transverse and longitudinal
fields are mixed. To improve, the transverse/longtudinal basis can be constructed through






























(JM)a(x) are divergence-free, but with oppo-
site parity. Unitarity of the transformation between OAM basis and the transverse/longitudinal
basis ensures that the latter are also orthogonal and properly normalized.
The vector TAM basis functions are in fact generated by acting with a set of irreducible
vector operators on scalar TAM basis functions. We introduce three irreducible vector
3Unless confusion can arise, we will hereafter suppress the label for the wavenumber k, but only explicitly
write out the angular quantum numbers. This is because we can restrict to a subset of the Hilbert space
with a fixed value of k.
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operators,
Da ≡ (i/k)∇a, Ka ≡ −iLa, Ma ≡ ǫabcDbKc. (2.22)
Since they all commute with ∇2, these expressions have been made specific to a sub-space
of definite eigenvalue ∇2 = k2. Since they form an irreducible vector representation, they
conserve total angular momentum when generating a vector field from a scalar function.
The three operators satisfy orthogonal relations
DaKa = K
aDa = 0, D
aMa = 0, M
aDa = 2, K
aMa =M
aKa = 0, (2.23)
and their hermitian conjugates are given by
(Da)
† = Da, (Ka)
† = −Ka, (Ma)† = −Ma + 2Da. (2.24)
Those three operators obey the following commutation relations
[Da, Db] = 0, [Ka, Db] = ǫabcD
c, [Ma, Db] = gab −DaDb,
[Ka,Kb] = ǫabcK
c, [Ka,Mb] = ǫabcM
c, [Ma,Mb] = −ǫabcKc. (2.25)
In particular, a subset of those operators Ka and Ma form a closed Lorentz algebra.
When acting on the scalar TAM wave Ψ(JM)(x), the operators Da, Ka and Ma have a
simple limiting behavior in the far-field limit kr → ∞, for which the operatorDa asymptotes
24
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to the radial direction, and operators Ka and Ma both become orthogonal to the radial
direction, with Ka obtained by a +90
◦ rotation of Ma about the outward radial direction.
From this construction, the longitudinal vector TAM mode is generated by Da, and the two










It is worth to point out, however, that at finite radius r, ΨL(JM)a(x) and Ψ
E
(JM)a(x) have
both radial and transverse components, while ΨB(JM)a(x) is purely perpendicular to the
radial direction. By “transverse” or “longitudinal”, we are referring to whether a vector
field is a gradient field or a curl field, rather than referring to the point-by-point orientation
of the vector field with respect to the radial direction, although these two interpretations
coincide in the limit of infinite radius.
The helicity basis is especially convenient for discussing parity violating physics. They
are eigenfunctions of the helicity operator, defined as H = S ·p̂, where we introduce the spin
operator (Sb)ac = iǫabc, and the normalized momentum operator p̂a = −i∇a/k. Three inte-
ger eigenvalues for the helicity operator λ = 0,±1 are possible. It turns out the longitudinal
TAM wave has helicity zero λ = 0, and the transverse TAM waves are linear combinations
25
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, Ψ0(JM)a(x) = Ψ
L
(JM)a(x). (2.27)
It is clear that the helicity basis also separates the longitudinal component and the transverse
component.
In summary, we have constructed three distinct basis for vector TAM waves — OAM
basis Ψk,l(JM)a(x) with l = J, J±1 (Eq. (2.17)), the transverse/longitudinal basis (Eq. (2.21)),
and the helicity basis (Eq. (2.27)). The first basis are straightforwardly constructed using
the Clebsch-Gordan rule, and the second and third basis distinguish between longitudinal
and transverse vector fields.
2.3.2 Projection onto vector spherical harmonics
The aforementioned construction for vector TAM basis functions linearly express all vec-
tor fields as a function of three dimensional position ~x. In applications involving spherical
harmonic observables on the two-dimensional sky — vector spherical harmonics Y α(JM)a(n̂),
vector fields that live on a two dimensional unit sphere but can point either in the ra-
dial direction or tangent to the sphere — have been previously introduced.46 These are
independent linear combinations of vector spherical harmonics of fixed orbital angular mo-
mentum l, as defined in Eq. (2.17). These provide a complete set of basis functions for
three-dimensional vector fields that are only dependent on the direction in the sky n̂.
Similar to the construction of vector TAM waves, vector spherical harmonics can be
26
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generated by differential operators acting on the usual scalar spherical harmonics. Let us
introduce three operators
Na = −n̂a, Ka = −iLa, M⊥a = ǫabcN bKc. (2.28)
These are dimensionless operators that only act on the angular direction n̂, but not on
the radius r 4. These are analogous to the three operators in Eq. (2.22), in the sense that
algebraic relations Eqs. (2.23)–(2.25) can be carried through, once the three operators Da,
Ka and Ma are replaced with three new operators Na, Ka and M⊥a, respectively. The two
transverse operators Ka and M⊥a generate the two vector spherical harmonics Y E(JM)a(n̂)
and Y B(JM)a(n̂) perpendicular to the line of sight, while the longitudinal Na generates a third
vector spherical harmonic Y L(JM)a(n̂) along the line of sight,
Y B(JM)a(n̂) =
1√































Y β(J ′M ′)a (n̂) = δJJ ′δMM ′δαβ. (2.30)
where α, β = {E,B,L}. At given direction n̂, the three vector spherical harmonics are
4Note that Ka in Eq. (2.28) is the same differential operator as Ka in Eq. (2.22).
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perpendicular to each other.
Although the E/B/L vector TAM waves are not factorizable into a radial profile mul-
tiplied by an angular function (e.g. vector spherical harmonics), they can be expanded in





















Y E(JM)a(n̂)− ij′J(kr)Y L(JM)a(n̂), (2.31)
where the expansion coefficients, dependent on the radial variable, are related to the usual
spherical Bessel function and its derivatives. These results are useful when physical fields
are decomposed into a line-of-sight component and a perpendicular component.
2.3.3 TAM expansion of vector plane wave
For conversion between Fourier expansion and the TAM expansion, we seek spherical-
wave expansion of a vector plane wave with wave vector k and polarization vector ε̂a(k),
an analogue of the Rayleigh formula in the scalar case.
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where the expansion coeffecients are given by
Al(JM)(k̂) = ε̂
a(k)Y l ∗(JM)a(k̂). (2.33)






















a(k)Y α ∗(JM)a(k̂), (2.36)
Aλ(JM)(k̂) = ε̂
a(k)Y λ ∗(JM)a(k̂). (2.37)
For the helicity basis, we have introduced the helical vector spherical harmonics Y λ=±1(JM)a =
2−1/2
[
Y E(JM)a ± iY B(JM)a
]




(JM)a(k̂) = −λY(JM)(k̂)δλλ′ , λ, λ
′ = 0,±1. (2.38)
Our convention for the polarization vectors ε̂aλ(k) for λ = 0,±1, defined with respect to
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given wave vector k, is given by
ε̂a0 = n̂
a, ε̂a±1 = ∓
1√
2
(θ̂a ∓ iφ̂a). (2.39)
2.3.4 Expansion of vector fields and power spectra



















Similar relations hold for the OAM basis or the helicity basis. When a stochastic vector field
has statistically homogeneous and isotropic 2-point correlation functions, the E/B TAM





V β(J ′M ′)(k
′)
〉
= PT (k)δJJ ′δMM ′δαβ
(2π)3
k2
δD(k − k′), (2.42)




V L(J ′M ′)(k
′)
〉
= PL(k)δJJ ′δMM ′
(2π)3
k2
δD(k − k′). (2.43)
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The longitudinal mode does not necessarily share the same statistics as the E/B trans-
verse modes because it is essentially the gradient of a scalar degree of freedom. Note that
an unequal power between the E/B transverse modes necessarily signals a violation of
statistical homogeneity and implies a preferred center in the Universe,51 while a nonzero
cross-correlation between the E/B transverse modes indicates a violation of parity.
2.4 TAM decomposition for tensor fields
We now develop TAM basis functions for spin-2 tensor fields, which find an abundance
of applications in the study of cosmological perturbations. The presentation will largely
parallel our discussion on vector fields in Section 2.3. Similar studies have existed in the
literature of gravitational radiation,52 although compact expressions for three-dimensional
TAM mode functions for tensor fields had not been explicitly written down prior to the
work of Ref.42
2.4.1 Tensor TAM waves
A rank-two symmetric tensor-valued field hab(x) has two spatial indices and carries an
intrinsic spin of two units. It has a total of six degrees of freedom. Since the trace part
transforms trivially under spatial rotations as a spin-zero scalar field, for the remainder of
our discussion, we restrict to trace-free tensor field δabhab(x) = 0, which furnishes a single
irreducible representation under rotation.
To construct TAM waves for tensor fields, we first construct five spin-2 spherical basis
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〈1m̄11m̄2|2m̃〉em̄1a em̄2b , (2.44)
by taking a direct product of two copies of spin-1 spherical basis vectors of Eq. (2.16),
through the Clebsch-Gordan rule of addition. These basis tensors are by construction
symmetric and trace-free. Entirely analogous to the case of vector fields, an OAM basis
of tensor wavefunction can be straightforwardly constructed by “adding up” the orbital
angular momentum with the intrinsic spin






Note that for tensor basis functions, the total angular momentum quantum number J is
equal or larger than two. For each value of J , there are five possible integer values of
orbital angular momentum l = J − 2, J − 1, J, J + 1, J + 2. These tensor basis functions
are eigenfunctions of the orbital angular momentum squared operator L2 with eigenvalue





(J ′M ′)ab(n̂) = δll′δJJ ′δMM ′ . (2.46)















δD(k − k′), (2.47)
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again analogous to the case of vector fields. These also form a complete functional basis for












= δD(x− x′). (2.48)
However, the OAM basis for tensor fields do not automatically fullfil the SVT decom-
position of Eq. (2.2). As an example, a gravitational-wave field possesses only the two
divergence-free degrees of freedom, instead of all five degrees of freedom in general. For this
reason, we seek a unitary transformation into the longitudinal/vector/transverse-traceless
(LVT) basis. We first obtain a longitudinal scalar mode,
ΨL(JM)ab(x) =
(
3 (J − 1) J




J (J + 1)





3 (J + 1) (J + 2)
2 (2J + 1) (2J + 3)
)1/2
ΨJ+2(JM)ab(x), (2.49)























2 (J − 1) (J + 1)










2J (J + 2)
(2J + 1) (2J + 3)
)1/2
ΨJ+2(JM)ab(x). (2.50)
These have divergences equal to the correspondent vector TAM waves 1k∇aΨV B(JM)ab(x) =
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k∇aΨV E(JM)ab(x) = i√2Ψ
E
(JM)b(x), and are in fact gradients of vector TAM
waves. Finally, we obtain the two transverse-traceless modes, the “genuine” tensor modes,
ΨTE(JM)ab(x) ≡
(
(J + 1) (J + 2)




3 (J − 1) (J + 2)





J (J − 1)














which have vanishing divergence. Eq. (2.49), Eq. (2.50) and Eq. (2.51) together constitute
a complete list of five independent degrees of freedom for given total angular momentum
J, M and given wavenumber k (which we often suppress for a compact notation), which
are compatible with the SVT decomposition. Since the linear transformation coefficients in








Ψβ,k ab(J ′M ′)(x) = δαβδJJ ′δMM ′
(2π)3
k2
δD(k − k′), (2.52)
for {α, β} = {L, V B, V E, TB, TE}.
The LVT TAM basis for tensor fields can be generated from a set of tensor operators
acting on the scalar TAM wave. We have proposed three vector operators Da, Ka and Ma
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in Eq. (2.22). Using those as basic building blocks, five tensor operators can be constructed





ab = D(aKb), T
V E
ab = D(aMb),
T TBab = K(aMb) +M(aKb) + 2D(aKb), T
TE
ab =M(aMb) −K(aKb) + 2D(aMb).
(2.53)
These form an irrreducible representation of spin-2 since they are by construction symmetric







Tα,ab = 0, if α 6= α′, for α, α′ = L, V B, V E, TB, TE. (2.54)
For α = α′, the numerical value on the right hand side (when acting on a scalar TAM
eigenfunction) sets the normalization. These operators then exactly generate the LVT basis






ΨV B(JM)ab(x) = −
√
2
J (J + 1)





J (J + 1)












It is obvious from the operator construction that although the LVT basis are orthogonal
tensor-valued functions, their tensorial values at any finite point are not strictly orthogonal,
unless the far-field limit kr → ∞ is taken. Let n̂a be the radial unit vector. Then in the far-
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field limit, the L mode has a “longitudinal-scalar” type polarization tensor ∝ (n̂an̂b−δab/3);
the vectorial V E/V B modes have polarizations ∝ n(awE,Bb) , where w
E,B
a are two orthogonal
vectors wEa w
B,a = 0 perpendicular to the radial direction n̂awE,Ba = 0; finally, the transverse
tensorial TE/TB modes have polarizations completely in the transverse plane. We therefore
see that in the far-field limit, the LVT basis locally resembles plane waves propagating along
the radial direction (or more precisely standing waves), exactly corresponding to the five
plane-wave polarization states categorized in Section 2.1, according to the orientation with


















In summary, three basis for tensor TAM waves — OAM basis Ψl,k(JM)ab(x) with l =
J, J ± 1, J ± 2 (Eq. (2.45)), the longitudinal/vector/transverse-traceless basis (Eq. (2.55)),
and the helicity basis (Eq. (2.56)). The first basis are straightforwardly constructed using
the Clebsch-Gordan rule, and the second and third basis distinguish between longitudinal
and transverse vector fields.
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2.4.2 Projection onto tensor spherical harmonics
Three dimensional tensor TAM waves can be expanded in terms of tensor spherical
harmonics Y α(JM)ab(n̂), tensor-valued functions living on the two-dimensional sky.
46,53–55
We parallel the operator approach for the case of vector field to reproduce these tensor
spherical harmonics. In Eq. (2.28) we have introduced operators {Na,Ka,M⊥a}, which act
only on angular variables and satisfy the same algebra as {Da,Ka,Ma}. We then use those
as building blocks and construct five tensor operators which again only act on the angular
part of a wavefunction





ab = N(aKb), W
V E
ab = N(aM⊥b),
W TBab = K(aM⊥b) +M⊥(aKb) + 2N(aKb), W
TE
ab =M⊥(aM⊥b) −K(aKb) + 2N(aM⊥b),
(2.57)
These symmetric and traceless operators form an irreducible representation of spin-2. They
satisfy the same algebraic property as the operators defined in Eq. (2.53) do. Because they
conserve total angular momentum, they generate tensor spherical harmonics of fixed total
angular momentum J, M when acting on scalar spherical harmonics of the same angular
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W V Bab Y(JM)(n̂),











These are linear combinations of the OAM tensor spherical harmonics Y l(JM)ab(n̂) for l =
J, J ± 1, J ± 2 as defined in Eq. (2.45)
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Y β(J ′M ′)ab (n̂) = δJJ ′δMM ′δαβ , (2.60)
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where α, β = {L, V E, V B, TE, TB}. At given direction n̂, the five tensor spherical har-
monics can be distinguished by a decomposition into line-of-sight components and perpen-
dicular components. The longitudinal L type has a polarization tensor ∝ (n̂an̂b − δab/3).
The two vectorial V E/V B types are only partially perpendicular to the line of sight, i.e.
n̂an̂bY
TE/TB
(JM)ab (n̂) = 0 but n̂
aY
TE/TB
(JM)ab (n̂) 6= 0. Finally, the two tensorial TE/TB modes are
entirely perpendicular to the line of sight n̂aY
TE/TB
(JM)ab (n̂) = 0; they form a useful basis to
expand observables that live on the two-dimensional sky.
We are now in a position to find decomposition of tensor TAM waves Ψk,α(JM)ab(x) in
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(JM)ab (n̂)− (jJ (kr) + 2gJ (kr) + 2fJ (kr))Y V E(JM)ab (n̂)
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√
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Y V B(JM)ab (n̂)− i
√
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Y TB(JM)ab (n̂) ,
Ψk,TB(JM)ab (x) =− i
√
(J − 1) (J + 2)jJ (kr)
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Y TB(JM)ab (n̂) ,
(2.61)
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For many projected observables on the sky such as CMB temperature and polarization
anisotropies, angular power spectra appear as a convolution between the three-dimensional
power spectra and these geometrical radial functions.49
These results for decomposition are of great practical use. The components proportional
to Y TE(JM)ab and Y
TB
(JM)ab would be of principle interest if only partial components of the entire
tensor field is measurable. For instance, ruler distortion of cosmic length scales is generally
described by a rank-2 distortion tensor;56 it may be that the only observable components
of the distortion tensor are those transverse to the line of sight.
2.4.3 TAM expansion of tensor plane wave
To make contact between the Fourier expansion and the TAM expansion, it is useful
to derive the tensor-field analogue of Rayleigh formula, i.e. a symmetric, trace-free tensor
plane wave expanded in terms of tensor TAM basis functions. The result is a straightforward
generalization of the case for vector field.
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Here the plane wave polarization tensor ε̂ab(k) is normalized to unity. The expansion
coeffecients are given by
Bl(JM)(k̂) = ε̂
ab(k)Y l ∗(JM)ab(k̂). (2.64)























ab(k)Y λ ∗(JM)ab(k̂). (2.66)



















The expansion coefficients are given by
Aα(JM)(k̂) = ε̂
a(k)Y α ∗(JM)a(k̂), A
λ
(JM)(k̂) = ε̂
a(k)Y λ ∗(JM)a(k̂), (2.68)
where we define Y λ=±2(JM)ab = 2
−1/2
[
Y TE(JM)ab ± iY TB(JM)ab
]
, Y λ=±1(JM)ab = 2
−1/2
[
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and Y λ=0(JM)ab = Y
L








δλλ′ , for λ, λ
′ = 0,±1,±2, (2.69)
where ε̂abλ′ (k) is the polarization tensor for a tensor plane wave having wave vector k and




















2.4.4 Expansion of tensor fields and power spectra
Now that we have constructed a complete set of basis tensor TAM waves, such as the




















Similar relations hold for the OAM basis or the helicity basis. If a stochastic tensor field
is statistically homogeneous and isotropic, the V E and V B modes must share the same
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power spectrum; likewise, the TE and TB modes must share the same power spectrum.
Otherwise, statistical homogeneity will be violated. On the other hand, those may differ
from the power spectrum for the L mode. Therefore, there exist three independent power







= PT (k)δJJ ′δMM ′δαβ
(2π)3
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= PV (k)δJJ ′δMM ′δαβ
(2π)3
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= PL(k)δJJ ′δMM ′δαβ
(2π)3
k2
δD(k − k′). (2.75)
If, on the other hand, there exists non-vanishing cross-correlation between V E and V B
modes, or between TE and TB modes, parity conservation must be statistically broken
(see Ref.51 for an application to CMB polarization anisotropies).
2.5 Summary
The TAM formalism may be utilized to solve many problems in cosmology. It is a
powerful calculational tool for quantitative study of cosmological perturbations, both at
the linear order and possibly extendable to second order in perturbations,44 and especially
when vector or tensor fields are involved in the problem. Applications of the TAM formalism
include all-sky analysis of weak gravitational lensing by general metric perturbations,42,57,58
relic bispectra in LSS from tensor perturbations,59–61 CMB polarization power spectra,51
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fossil bispectra in the CMB,44,62 and all-sky dark matter directional detection.63
Without presenting explicit examples here (as the formalism will be used in later chap-
ters in any case), we briefly summarize the standard procedure for utilizing the TAM for-
malism. One first determines the spatial rotation representation to which the perturbation
field under investigation belongs, namely, the spin of the perturbation field and its polar-
ization type. For the latter, it is often convenient to work with the longitudinal/transverse
basis for vector TAM waves, or the LVT basis for tensor TAM waves (although in special
cases, where parity violating effects are under scrutiny, it may be more advantageous to use
the helicity basis). For instance, matter density field should be expanded in the scalar TAM
basis. Moreover, the infall velocity field from gravitational clustering is purely a potential
flow, and hence should be expanded using the longitudinal vector TAM wave Ψk,L(JM)a(x); on
the other hand, velocity vorticity, if under discussion, must be expanded using the trans-
verse vector TAM waves Ψk,E(JM)a(x) and Ψ
k,B
(JM)b(x). Likewise, gravitational wave should be
expanded using the transverse, trace-free tensor TAM waves Ψk,TE(JM)ab(x) and Ψ
k,TB
(JM)ab(x).
One then derives the linearized equation of motion for each TAM mode much like what
is conventionally done for a Fourier mode. If dynamics has translational and rotational
symmetry, which follow from spatial homogeneity and isotropy, the equation of motion for
each TAM wave is independent, and only depends on the wave number k and the possibly
the polarization type, but not on the total angular momentum J and M . This implies that
the TAM basis and the Fourier basis share the same sets of equation of motion, or transfer
functions, for linearized perturbations. The TAM formalism is advantageous because a
spherical harmonic observable on the sky labelled by J, M receives contribution only from
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TAM modes with the same value for the total angular momentum. As a result, a further
convolution unavoidable in the Fourier approach is skipped, as the geometrical projection
factors have been built into the construction of the TAM basis functions.
For vector fields, parity-even observables only receive contribution from α = L,E po-
larization modes, while parity-odd observables are dependent on α = B polarization mode.
Similarly, for symmetric, trace-free tensor fields, parity-even observables only receive con-
stribution from α = L, V E, TE modes, while parity-odd observables are dependent on
α = V B, TB modes. A good example is the CMB polarization anisotropy, part of which
may be generated by a stochastic background of the primordial gravitational waves. In this
example, the TE components of the gravitational wave induce the E-mode polarization,
and the TB components induce the B-mode polarization.51
Finally, we would like to end this chapter with remarks on the extension of TAM
formalism to CMB radiation transfer. Unlike metric perturbations, or perturbations in
matter energy stress tensor, the radiation transfer problem deals with perturbations to the
phase space distribution, which is not only a function of spatial position x, but also the
photon direction n̂ (frequency dependence is often approximated by an equilibrium Planck
blackbody distribution unless spectrum distortion needs to be considered). Perturbations
in phase space density is often decomposed into temperature multipoles Θℓ — monopole
(ℓ = 0), dipole (ℓ = 1), quadrupole (ℓ = 2), octupole (ℓ = 3) and so on — according to an
increasingly higher-order direction dependence, and similar generalization for polarization.
Following the TAM formalism, the monopole behaves as a scalar field, the dipole as a spin-1
vector field, the quadrupole as a spin-2 tensor field, and in general the ℓth-multipole as a
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spin-ℓ field. An extension of Ref.44 to fields of higher spin is therefore desired.
There has been attempt to construct spherical basis to expand radiation phase space
perturbations,49 although in that reference the orbital angular momentum from the position
dependence part (a plane-wave dependence) and the “spin” from the direction dependence
part are still decoupled, and therefore do not quite follow the philosophy of TAM formalism.
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Inflationary Fossil in CMB
The idea of inflation provides a causal explanation for initial cosmological perturbations
that appear to have correlation on superhorizon scales. Single-field slow-roll inflation makes






when all perturbations of interests have wavelengths much longer than the horizon scale,











where ln(1010As) ≈ 3.098 and ns ≈ 0.9619,64 and k0 is a chosen pivot scale. This sets up
an initial adiabatic perturbation for CMB fluctuations and large-scale structure formation,
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which means that different Hubble patches in the early Universe have mis-synchronized age
and therefore advance or delay with respect to one another along a unique cosmographic
and thermal history. The mis-synchronization, usually termed single-clock inflation, can be
characterized by an initial gravitational potential in the conformal Newtonian gauge, Φ(x) =
−(3/5)ζ(x) during matter domination. Since the subsequent evolution on subhorizon scales
is linear before perturbations grow large, this predicts Gaussian random fluctuation in the
CMB, as well as Gaussian random density fluctuation of Cold Dark Matter.
Nevertheless, a nearly scale-invariant, Gaussian power spectrum for primordial cur-
vature perturbation is a very generic prediction of single-field inflation with a slow-roll
attractor solution.17,20 In this minimal scenario, an adiabatic scalar mode with additional
tensor metric modes (gravitational waves) are the only physical degrees of freedom. While
the phenomenology is universal, and therefore has much predictive power, it reveals little
about the physical origin of the adiabatic mode, apart from the existence of a slow-roll
phase and a quasi-de Sitter expansion.
It is conceivable that the inflationary physics is far richer than what is characterized
in the single-field slow-roll paradigm. In particular, it is not reasonable to take it for
granted that a single scalar field is the only physical degree of freedom (apart from grav-
itational waves) relevant around the energy scale of inflation. In many inflation models,
extra particle fields are introduced to address various problems from elementary particle
physics considerations, such as naturalness, UV completion, or supersymmetry.65 New
scalar fields, elementary or composite, might play a role in extensions of single-field infla-
tion.66–70 The adiabatic scalar mode might represent a dominant slow-roll direction in a
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configuration space of multiple fields.71 Spin-one gauge fields might have driven inflation
and have induced departure from statistical isotropy.72–74 If general relativity is modified at
high energies, new vector degrees of freedom in the metric may arise.75 Even in the simplest
case of general relativity, tensor metric perturbations can be dynamically important.76–78
All those alternative scenarios predict complex statistics for the primordial adiabatic mode
that differ from the nearly Gaussian one for single-field slow-roll inflation, a powerful di-
agnostic of inflationary dynamics in the distant past through a survey of inhomogeneities
in the late-time Universe. The leading-order departure is a three-point correlation function
in real space, or a bispectrum in Fourier space, which would (nearly) vanish for single-field
slow-roll.
We devote this Chapter to a general study of primordial bispectra, or non-Gaussianity,
as a hopeful probe for new inflationary physics. We examine multi-spectra that cross-
correlate Fourier modes of the primordial curvature perturbation (or equivalently the initial
gravitational potential) and Fourier modes of an extra field. Here, the extra field will be
referred to as a “fossil” field, in the sense that no direct cosmological tracer for it is available
in the late-time Universe, unlike CMB anisotropies and LSS as tracers for the primordial
curvature perturbation. Indeed, no cosmological or astrophysical tracer for any new field
in the primordial universe is observationally known; on the other hand, it is likely that
physical degrees of freedom at inflation energy scale decouple at low energies from the
Standard Model of elementary particles, or even from the Dark Matter. Nevertheless, lack
of direct tracers does not always imply observational irrelevance. “Fossil” fields may interact
significantly with the primordial curvature perturbation during inflation and may alter the
49
CHAPTER 3. INFLATIONARY FOSSIL IN CMB
statistical property of the curvature perturbation.
More specifically, one Fourier mode of the “fossil” field may cross-correlate with curva-
ture perturbations in a primordial scalar-scalar-fossil bispectrum (panel (a) of Figure 3.1),
signifying a modulation of curvature two-point correlation by the extra field. This induces
an apparent breakdown of statistical isotropy in the curvature perturbation when the fossil
field is not observationally accessible. This is equivalent to the existence of a connected
trispectrum — four-point correlation in Fourier space — for the curvature perturbation
but mediated by an internal “fossil” mode. In the presence of a stochastically generated
background of “fossil” field. The trispectrum represents ensemble-averaged effects of the










Figure 3.1: (a) A (cross-)bispectrum involving two Fourier modes of the curvature pertur-
bation and a third Fourier mode of a “fossil” field. (b) A trispectrum for the curvature
perturbation mediated by an internal mode of “fossil” field. Solid lines represent the cur-
vature perturbation, and dashed lines represent the “fossil” field.
This Chapter is mainly based on the published work of Ref.62 We will start with
a discussion of the primordial scalar-scalar-fossil bispectrum in Section 3.1. We briefly
review the fossil estimator for large-scale structure surveys. We then turn to Section 3.2
for a detailed discussion of detecting its signature in the CMB using a bipolar spherical
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harmonic parametrization. Finally, concluding remarks on this subject will be given in
Section 3.3.
Starting from this Chapter, we switch to lower-case latin letters i, j, k, · · · for spatial
indices in three dimensions, slightly different from the notation adopted in Chapter 2.
3.1 Fossil Bispectrum
To derive from first principle the primordial scalar-scalar-fossil bispectrum, one gen-
erally would need to first derive the cubic interaction terms from the action describing
the inflationary physics, and then adopt the in-in formalism of quantum field theory to
compute the three-point function toward the end of inflation.79 The exact result of the cal-
culation is dependent on the specific inflation model. From a practical point of view, since
we do not have the knowledge about the details of inflationary physics, a model-independent
parametrization will be pursued here.
Following the discussion of Ref.,43 let us consider two Fourier modes of primordial
potential perturbation 1, having wave vectors k1 and k2, respectively. Similarly, consider
a plane wave of generic fossil field h, having wave vector K and polarization type p (in
case the fossil field carries non-zero spin). The most general form for the scalar-scalar-fossil
1In order to conveniently connect to late-time observables, we will directly write down the scalar-scalar-
fossil bispectrum in terms of the gravitational potential during matter domination Φ, as opposed to the
curvature perturbation ζ, despite that the latter is a more fundamental perturbation variable for adiabatic
initial condition.
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bispectrum reads
〈Φ(k1)Φ(k2)hα(K)〉 = (2π)3δD(k1 + k2 +K) fαh (k1, k2,K)Pαh (K) ǫαij(K)k̂i1k̂j2. (3.3)
The Dirac-δ function, a consequence of translational invariance of the Universe, imposes
that a non-zero bispectrum only exists if the three wave vectors sum up to zero. The
bispectrum can be factorized into the product of the (isotropic) fossil power spectrum Pαh (K)
for polarization type α, and a bispectrum shape function fαh (k1, k2,K) dependent on the









2 being the wave vectors k1 and k2 normalized to unity, follows from
the fact that the bispectrum might be linearly proportional to the fossil polarization tensor
ǫαij(K), for the reason that superposition of two different polarizaton states is also a possible
polarization state.
A note of clarification here. To keep our discussion general, we take into account the
possibilities that the fossil field may be a scalar field, a vector field, or a spin-2 tensor field.
Physical degrees of freedom with spin higher than two, though not proven impossible in
the primordial Universe, go beyond the scope of our discussion. Though not necessary, we
choose to use a rank-two symmetric polarization tensor ǫαij(K) to describe all three cases
of spin, for uniformality of our analysis. A scalar field would correspond to a polarization
tensor ǫαij(K) being a pure trace ∝ δij , or of the longitudinal type ∝ (K̂iK̂j − δij/3). To
represent vector fields, the polarization tensor takes the transverse-vectorial form ∝ K̂(iwj)
with wi being a perpendicular, unit vector wiK
i = 0. Finally, a tensor fossil field would have
52
CHAPTER 3. INFLATIONARY FOSSIL IN CMB
its polarization completely perpendicular to the direction of propagaton, i.e. Kiǫαij(K) = 0.
With our formalism, all three cases of spin can be uniformly specified by a polarization type
α.




2 fixes the polarization dependence of the bispectrum. If
one choose the direction of K to be along the z axis, and with respect to this axis one
characterizes the orientation of the Fourier-space triangle, i.e. the closed triangle formed by
the three wave vectors, by an azimuthal angle ϕ, as shown in Figure 3.2, then a bispectrum
independent of ϕ is expected from a scalar fossil field. A dependence ∼ e±iϕ is an indication
that the fossil field is a spin-one vector. Likewise, a dependence ∼ e±2iϕ would arise from




Figure 3.2: How the scalar-scalar-fossil bispectrum is dependent on the azimuthal angle ϕ
about the fossil mode reveals the spin of the fossil field.
Eq. (3.3) implies a modulation of the observable scalar potential two-point statsitics
by the fossil field that has become dynamically irrelevant in the post-inflationary Universe.
An equivalent mathematical expression is the scalar two-point correlation in the presence
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of a fossil mode,




3.1.1 Fossil estimator for large-scale structure
How would one go about measuring this correlation? First of all, each triangular con-












All triangular configurations with the same K can be weighted with the inverse variance to
form a minimum-variance estimator for hα(K). This would be a true minimum-variance
estimator if the estimator for each triangle is Gaussian. Actually, if the potential field Φ
is a Gaussian random field from the initial condition, the estimator ĥα(K) satisfies the χ
2-
distribution with two independent degrees of freedom.80 However, inverse-variance weight-






fα(k, |K− k|,K)ǫαij(K)ki(K − k)j
2k|K− k|P totΦ (k)P totΦ (|K− k|)
Φ(k)Φ(K− k), (3.6)
where V is the total survey volume (it is introduced for normalization of Fourier modes,
and will cancel in the final result), and P totΦ (k) = PΦ(k) + P
n
Φ(k) is the potential power
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Due to statistical isotropy, Pnα (K) is expected to be isotropic, i.e. only dependent on the
magnitude of K but not its direction.










with a fiducial shape Pαh (K) and an unknown constant amplitude A
α
h . An estimator for A
α
h













Since each estimator ĥα(K) has been built from a large number of triangular configurations
in Fourier space, its probability distribution is close to Gaussian due to the Central Limit
Theorem. Therefore, we may once again adopt inverse-variance weighting to construct a






























The summation over polarization in Eq. (3.10) requires explanatory remarks: For a scalar
fossil, there is only a single, unique polarization state, and summation over α is not needed.
If the fossil is a transverse vector field, one sums over the two transverse vector polarizations
that are related to each other by ±90◦ rotations about K. If the fossil is a transverse tensor
field, one sums over the two transverse tensor polarizations that are related to each other by
±45◦ rotations about K. Note that if statistical isotropy is preserved, fossil power spectrum
AαhP
α
h (K) must be the same between the two transverse vector polarizations, and between
the two transverse tensor polarizations as well.
For given survey of primoridial perturbations, the survey volume determines the small-
est Fourier wavenumber Kmin that can be probed, and the survey resolution determines
the largest Fourier wavenumber Kmax resolvable. Assuming all Fourier modes of linear
potential perturbation to be statistically independent of each other, a larger dynamical ra-
tio Kmax/Kmin would then imply a larger amount of statistically independent information,
and a larger number of triangular configurations with which one measures the bispectrum.
Therefore, for given fiducial Pαh (K) and fiducial fα(k1, k2, k3), one can test against the
null hypothesis that the potential Φ(k) is Gaussian. The criterion would be that the mea-
sured optimal estimator Âαh has high significance (& 3σ) over the variance expected from a
Gaussian random Φ(k).
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Figure 3.3: (From Ref.43) Sensitivity to the fossil amplitude Aph as dependent on survey
volume and resolution.
As an illustrating example, Ref.43 studies a scale-invariant fossil power spectrum
Pαh (K) = K
−3 2. The authors assume that the scalar-scalar-fossil bispectrum is dominated
by squeezed configurations K ≪ k1, k2 with order-unity non-Gaussianity fαh (k1, k2,K) ≈
−(3/2)PΦ(k1). Figure 3.3 presents the detection sensitivity to the fossil amplitude Aαh
as a function of Kmax and Kmin. The scalar-scalar-tensor bispectrum in single-field in-
flation is chosen as a benchmark signal to target. In this case, the significance improves
as (Kmax/Kmin)
3. While current or upcoming galaxy surveys fall short in the dynamical
ratio Kmax/Kmin . 100, future high-redshift 21cm surveys probing a comoving volume
∼ 100 [Gpc/h]3 and with a resolution up to a few h/Mpc in comoving wave number (which
corresponds to Kmax/Kmin ∼ 5000), should in principle be capable of detecting squeezed
fossil non-Gaussianity down to Aαh ∼ 10−8. This translates into a favorable fossil field fluc-
2Note that instead of measuring potential-potential-fossil correlation, the authors of Ref.43 choose to
measure density-density-fossil correlation. However, in the ideal case of zero survey noise, the conversion
between potential and density evidently drops out from Eq. (3.6) and Eq. (3.7).
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tuation at the same order of magnitude ∼ 10−5 as that for the primordial potential. The
constraining power can be a factor of few better in alternative theories of inflation.81
3.2 Fossil Bispectrum in CMB
In Section 3.1.1, we have briefly reviewed the method to detect a primordial scalar-
scalar-fossil bispectrum from tracers of matter density distribution, including galaxies and
the cosmological 21cm emission. With a redshift survey, these trace the matter density field,
and therefore infer the initial potential perturbation, within a three dimensional survey field.
There is another powerful cosmological probe of initial perturbations — the fluctuations
in the CMB. Unlike redshift surveys of LSS, the CMB is a two dimensional map from the
last scattering surface when electrons and protons recombine. Although the information
content of a two dimensional survey improves less rapidly with the resolution as for a three
dimensional survey, CMB anisotropies are unbiased tracers of the initial perturbation and
are less undermined by observational systematics. Latest CMB experiments, such as Planck,
has been able to measure temperature and polarization anisotropies down to the cosmic
variance limitation over a wide range of angular scales 2 ≤ l . 1500.82 This large dynamical
ratio partly compensates for the two dimensional nature of the observation, making CMB
still the most effective avenue so far to constrain primordial non-Gaussianity.83
In this Section, we develop the basic formalism to constrain a primordial scalar-scalar-
fossil bispectrum using CMB observations. For full-sky CMB measurement performed on
the spherical sky, spherical harmonic analysis is the conventional treatment. Therefore, we
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choose to parameterize perturbations using the TAM formalism developed in Chapter 2
throughout our calculation. To this end, Eq. (3.4) can be rewritten in terms of the TAM
modes














This simply says that there may exist non-zero correlation between two different TAM
modes of the potential, Φl1m1(k1) and Φl2m2(k2), if a fossil TAM mode h
α
JM (K) (which
will not be directly observable) is present. Note that in this form the overlap of three
TAM basis wavefunctions is involved. Explicit expressions for these three-mode overlaps
are presented in Ref.44 Depending on the spin of the fossil field, appropriate polarization
type α should be chosen. For a scalar fossil field, one chooses the longitudinal tensor
TAM wave α = L. A vector fossil field is associated with the two transverse vectorial
TAM modes α = V E, V B. The two transverse tensorial TAM modes α = TE, TB are
related to a tensor fossil field. A statistically homogeneous and isotropic scalar-scalar-fossil
interaction would impose the relations fV Eh (k1, k2,K) = f
V B
h (k1, k2,K) ≡ fVh (k1, k2,K)
and fTEh (k1, k2,K) = f
TB
h (k1, k2,K) ≡ fTh (k1, k2,K).
3.2.1 Bipolar Spherical Harmonics
The correlation functions for temperature and polarization anisotropies are isotropic in
the absence of a scalar-scalar-fossil bispectrum. Taking the temperature for example, the
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= CTTl1 δl1l2δm1m2 , (3.13)
where 〈· · ·〉 represents ensemble average. Transforming back into real space, the two-point
correlation function only depends on the angular separation. However, when a given realiza-
tion of the fossil field correlates with the initial potential perturbation, statistical isotropy
is explicitly broken. The most general covariant matrix is shown to have the form84 (〈· · ·〉h











where we have introduced the Clebsch-Gordan coefficients with the conventional sym-
bol 〈l1m1l2m2|l3m3〉. The second term, signaling a violation of statistical isotropy, is




















The array in round brackets stands for the standard Wigner-3j symbol, which is essentially a
more symmetric form for the Clebsch-Gordan coefficients. The Wigner-3j symbol imposes
that BiPoSH components exist only for |l1 − l2| ≤ J ≤ l1 + l2. On the other hand, we
restrict our analysis to quadrupolar modulation or higher J ≥ 2, which can be induced by
scalar, vector and tensor fields. In the absence of a scalar-scalar-fossil bispectrum, only the
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J = 0, M = 0 and l1 = l2 BiPoSH component is non-zero, reducing to the usual angular
power spectrum CTTl1 .
There are two categories of BiPoSH coefficients, according to how they transform under
a flip of parity:85–87 parity-even BiPoSHs have J + l1 + l2 equal to an even integer, and
parity-odd BiPoSHs have J + l1+ l2 evaluated to an odd integer. These two categories have
the opposite parity under a spatial reflection.
Expanding the fossil field by the TAM basis is particularly advantageous for making
contact with the BiPoSH formalism. BiPoSH components with given total angular momen-
tum quantum numbers J, M can be induced through fossil bispectrum by only those TAM
components of the fossil field having the same total angular momentum J, M ; the wave
number k, on the other hand, has to be integrated over. Moreover, parity-even BiPoSHs
can only be generated by TAM waves with the same parity, i.e. α = L for scalar fossil,
α = V E for vector fossil, or α = TE for tensor fossil. Likewise, parity-odd BiPoSHs are
only generated by odd-parity TAM waves, i.e. α = V B for vector fossil, or α = TB for
tensor fossil; a scalar fossil field does not generate any partiy-odd BiPoSH coefficient.
When there exists a hierarchy of angular scales J ≪ l1, l2, the interpretation for the
BiPoSH coefficients as a signature for departure from statistical isotropy becomes simple
and intuitive — they describe power of fluctuation on small angular scales being spatially
modulated by large-angular-scale fluctuations. For circular hot/cold spots of a typical an-
gular scale, fossil modulation systematically distorts their sizes and shapes. Recall that
a three dimensional TAM wave Ψk,α(JM)ij(x) may be expanded into tensor spherical har-
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(a) (b) (c)
Figure 3.4: Three types of local distortion to a circular hot/cold spot due to modulation
by large-angular-scale fossil field: (a) scalar type isotropic (de)-magnification. (b) vectorial
type elongation along one of the two transverse directions. (c) tensorial type shear along
one of the two choices of major axis separated by 45◦. The dashed circle is the original
isothermal contour, and solid ones represent distorted contours. For illustrative purpose,
the level of distortion has been greatly exaggerated.
monics Y α(JM)ij(n̂). When viewed on the two dimensional last scattering surface from a
projected perspective, as shown in Figure 3.4, three types of local distortions may arise:
(1) Scalar components proportional to Y L(JM)ij(n̂) induce (de-)magnification of the size of
the hot/cold spots. (2) Vectorial components proportional to Y V E,V B(JM)ij (n̂) induce elongation
of the isothermal contour along a preferred direction. (3) Tensorial components propor-
tional to Y TE,TB(JM)ij (n̂) induce shear of the isothermal contour aligned with a preferred set
of perpendicular major axis. We would like to emphasize the point that for a given TAM
mode, the foregoing three types of distortion are usually simultaneously present. Due to
a reduced amount of information that can be extracted from a two-dimensional projected
survey, it is anticipated that scalar, vector and tensor fossil fields cannot be geometrically
distinguished, unlike the case of a three-dimensional redshift survey of LSS.43
The temperature multipole moments are related to the TAM components of the pri-
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k2dk gTl (k)Φlm(k), (3.16)
where gTl (k) is the radiation transfer function for temperature fluctuation. The BiPoSH

























h (k1, k2,K) Iαl1l2J(k1, k2,K), (3.17)
The parity P (α) equals zero for α = L, V E, TE and equals unity for α = V B, TB. We





















which accounts for the non-trivial geometry of a spherical-wave expansion. It can be
straightforwardly evaluated using the result of Ref.44
In reality, the Gaussian, statistically isotropic CMB sky is found to be distorted due to
gravitational deflection of line of sight by intervening large scale matter distribution between
the last scattering surface and us.89–92 The distortion correlates with the temperature
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fluctuations on large angular scales, because the same large-scale matter distribution at
low redshifts (during Dark Energy domination) would redshift/blueshift CMB photons via
the integrated Sachs-Wolfe (ISW) effect. This weak gravitational lensing effect constitutes
an irreducible background, i.e. the lensing-ISW bispectrum,90 in the search of primordial
non-Gaussianity.
Neverthessless, lensing signatures are distinct from fossil modulation, if the fossil field
has a red power spectrum (e.g. a scale invariant one) and the scalar-scalar-fossil bispec-
trum has a local shape. In the concordance cosmology, lensing by large-scale gravitational
potential is peaked at intermediate angular scales J ∼ 60. By comparison, effects from a
fossil field is primarily present on very large modulation scales J . 5, as our numerical
study has indicated. Therefore, the dependence on angular scales can serve as a powerful
diagnostic to differenciate between mundane gravitational weak lensing and more exotic
cause of non-Gaussianity in the primordial Universe.
Besides, lensing converts a fraction of the E-mode polarization into B-mode polarization
on small angular scales l & 200, which has been measured by ground-based high-resolution
deep surveys.93,94 By comparison, primordial fossil fields do not generate B-mode polariza-
tion. It is then conceivable that a comparison between the E-mode and B-mode polarization
fields on relevant angular scales would allow for reconstruction of the gravitational lensing
potential, which is expected to fully correlate with the lensing-ISW non-Gaussianity but be
unrelated to any primordial fossil field.
Finally, since lensing by foreground large-scale structure is generated by a scalar grav-
64
CHAPTER 3. INFLATIONARY FOSSIL IN CMB
itational potential, the lensing-ISW non-Gaussianity resembles the effect of a scalar fossil,
but is different from that of a vector or a tensor fossil. In particular, lensing does not induce
parity-odd BiPoSHs, a unique signature of primordial fields with nonzero spin.
3.2.2 BiPoSH estimators and power spectra
Let us assume a stochastic background of the fossil field, with a particular polarization










δD(K −K ′) δJJ ′δMM ′δαα′ , (3.19)
which is isotropic in the statistical sense. Statistical homogeneity imposes the relations
P V Eh (K) = P
V B
h (K) ≡ P Vh (K) and P TEh (K) = P TBh (K) ≡ P Th (K). For this reason, we
denote Z = S, V, T to take into account scalar, vector and tensor fossils, without differ-
entiating between the two degenerate polarization states for a vector fossil or for a tensor
fossil.
Since only one realization of the observable Universe is experimentally accessible, the
statistical significance for finding any single BiPoSH coefficient AJMl1l2 is expected to be poor;
even for a Gaussian random CMB sky, estimators for each AJMl1l2 fluctuates about zero with
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as we average over all BiPoSH coefficients associated with the same angular scales J, l1, l2
but with different orientation M . This is a two-dimensional, spherical harmonic analogy of
a four-point correlation ((b) of Figure 3.1), or trispectrum, mediated by the unobservable
fossil field. Although statistical isotropy is broken for any given realization of the fossil field,
by averaging over all possible realizations of the fossil field, we restore statistical isotropy
once again. Therefore, under the full ensemble average those BiPoSH coefficients must be
drawn from identical probability distribution. The statistical significance for measuring
CJl1l2,l3l4 above the Gaussian noise is greater than that for measuring any single nonzero
BiPoSH coefficient.
A CMB experiment measures the spherical harmonic multipole moments aTlm as input





(−1)m2 〈l1m1l2,m2|JM〉 aTl1m1aT∗l2m2 . (3.21)
Under the null hypothesis, the multipole moments aTlm are independently drawn from Gaus-
sian distributions, so that ÂJMl1l2 obeys non-Gaussian statistics. However, with a sufficient
number of combinations aTl1m1 and a
T
l2m2
, the estimators may be Gaussian and independent
of each other to good approximation due to the Central Limit Theorem. Then a quadratic
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Note that the second term has been subtracted to unbias the estimator from the Gaussian
noise expected without fossil effects. A statistically significant detection of non-zero ĈJl1l2,l3l4
would signal a departure from standard cosmology.
A model-independent way to assess the likelihood of a given model of primordial fossil
non-Gaussianity is to parametrize the fossil power spectrum in terms of an overall amplitude
PZh and a fiducial spectrum shape P̃Zh (K),
PZh (K) = PZh P̃Zh (K), (3.23)
and similarly parametrize the scalar-scalar-fossil bispectrum in terms of an overall strength
BZh and a fiducial bispectrum shape f̃Zh (k1, k2,K) (or a “template”),
fZh (k1, k2,K) = BZh f̃Zh (k1, k2,K), (3.24)







= BZh F J,αl1l2 (K)h
α
JM (K). (3.25)
We have defined the coefficient function


















h (k1, k2,K) Iαl1l2J(k1, k2,K), (3.26)
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which can be numerically evaluated with given fiducial bispectrum and concordance cos-














≡ AZhFJ,Zl1l2,l3l4 , (3.27)
where AZh ≡ PZh (BZh )2 is the reduced amplitude of the fossil background. Due to a degeneracy
between the amplitude of the fossil-field power spectrum PZh and the strength of the scalar-
scalar-fossil bispectrum BZh , only the reduced amplitude can be directly measured from
a bispectrum analysis. Other independent observables, such as higher order correlation
functions, are in principle required to break this degeneracy. Of course, a successful inflation
model would always make prediction for the two separately, and therefore can be constrained






An estimator exists for each pair of possible configurations (J, l1, l2) and (J, l3, l4), subject
to the triangle relation. Without loss of generality, we may restrict to l1 ≤ l2, l3 ≤ l4 and
l2 ≤ l4 when l1 = l3, due to the symmetry of ̂AJ,Zh,l1l2,l3l4 with respect to angular momentum
quantum numbers li, i = 1, 2, 3, 4.
Quadratic estimators
̂AJ,Zh,l1l2,l3l4 are not statistically independent of each other. Even
though the off-diagonal elements in the covariance matrix appear sub-dominant compared
to the diagonal elements, the effect of off-diagonal elements on likelihood analysis can be
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non-negligible.95 Here, for an order of magnitude estimate of the fossil non-Gaussianity
constraints, we shall be content with the assumption that these estimators carry independent
information with a large number of pixels from a high-resolution observation, and that they
can be weighted with inverse variance to make an optimal estimator with a minimized



































sums over all possible combinations of multipole quantum numbers. We
shall assume that the distribution of this optimal estimator is approximately Gaussian, so


























provides a good characterization of the scatter due to cosmic variance. This roughly gives
the cosmic variance limitation for detecting a primordial scalar-scalar-fossil bispectrum
with statistical significance. In practice, instrumental noise and foreground contamination
would further degrade the estimated sensitivity. Assessment of these challenges go beyond
the scope of our discussion.
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3.2.3 Numerical study
As we have pointed out, a primordial scalar-scalar-fossil bispectrum dominated in the
squeezed configuration is capable of producing modulation effects in the CMB on very
large angular scales, and therefore can be distinguished from gravitational lensing. We now
consider such a squeezed type bispectrum by assuming
f̃Zh (k1, k2,K) = (k1k2)
−3/2. (3.31)
Note that in the squeezed limit k1 ≈ k2 ≫ K although we prefer a symmetric form. We
furthermore consider fossil power spectrum in the scale-invariant limit,
P̃Zh (K) = 1/K
−3, (3.32)
if no special physical scale other than the Hubble scale plays a role during the slow-roll
phase.
Gravitational waves amplified during the slow-roll phase provide an explicit example
of tensor fossil for which the two fiducial forms being assumed here are physically realized.
Note that for gravitational waves, the bispectrum strength BZh is expected to be order unity
multiplied by the potential power spectrum k3PΦ(k) ∼ 10−8, while the power spectrum
amplitude PZh is currently constrained to be . 10−10 by measurement of the B-mode po-
larization patterns in the CMB; therefore, the gravitational wave signature AZh . 10
−26, for
standard inflationary scenario, is unfortunately way below current or future CMB detection
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limit. Possible detection of this tiny signature will have to wait for future measurement of
21cm fluctuations in the Dark Ages.
We assume the concordance ΛCDM cosmology with cosmological parameters from the
WMAP+BAO+H0 best fit.
96 Since our analysis was done, values for the cosmological
parameters have changed slightly according to latest data. However, those updates are
unimportant to our order-of-magnitude forecasts. We further approximate by taking a
perfectly scale-invariant power spectrum ns = 1 for the primordial potential perturbations.
Using the publicly available code CAMB,97 we consider a high resolution experiment with
lmax = 3000 and tabulate radiation transfer functions needed for Eq. (3.26).
For inflation, it is natural to extrapolate the fossil power spectrum to very long wave-
length or very small wave number K. For a scale invariant fossil power spectrum, a logarith-
mic singularity is present, a problem to be cured by an infrared cut-off. We first comment
that the infrared cut-off must in general arise physically, as a fossil perturbation with a
wavelength far longer than the size of the visible Universe is indistinguishable from a spa-
tially constant configuration, which should induce no physical effect.98,99 In our case here,
in the TAM formalism the infrared end is geometrically cut off for parity-even modes with
J > 2 and all parity-odd modes, since the TAM wave function essentially vanishes within
the observable Universe, if the wavelength ∼ 1/K extends beyond the Hubble scale. The
only exception is the parity-even J = 2 mode, whose wavefunction is finite at the spatial
origin x = 0. Since the logarithmic divergence is mild, we circumvent the problem by simply
truncating the fossil wave number at Kmin = 5×10−6Mpc−1, corresponding to a reasonable
length scale slightly larger than the size of the present horizon.
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Figure 3.5: Three-σ sensitivity for the reduced amplitude AZh versus the angular resolution
lmax from Ref.
62 Only BiPoSHs with J 6 5 are included. Our results can be related to the
primordial trispectrum parameter τNL in the local model of non-Gaussianity through ALh =
5.3 × 10−23τNL.100 Also shown on the plot are the WMAP 5-year constraint (horizontal
solid), and the constraint from Planck 2013 results (horizontal dashed). The analysis of the
Planck 2015 results on primordial trispectrum uses a somewhat different parameterization
than the τNL parameter.
83 Since the constraining power is not anticipated to be significantly
improved from the 2013 results to the 2015 results, we are content with a comparison with
the 2013 results.
We found that large-scale modulation J ≤ 5 already dominates the signal-to-noise of
the fossil BiPoSHs. On the other hand, if we let lmax to be the smallest angular scale that is
dominated by cosmological signal, the signal-to-noise scales quickly with improvement in the
resolution∼ l2max, in proportion with the total number of pixels accessible by the experiment.
This scaling law can be easily verified in the Sachs-Wolfe limit above the sound horizon scale:
The radiation transfer function becomes purely geometrical gTl (k) = −jl(kr⋆)/3 with r⋆ ≈
14 Gpc being the comoving distance to the last scattering surface in concordance cosmology.
For fixed modulation scale J and fluctuation scales l1, l2 (in the squeezed configuration
J ≪ l1 ≈ l2 ≈ l12 and J ≪ l3 ≈ l4 ≈ l34), the signal squared decreases as l−312 l−334 ,
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while the noise squared decreases more rapidly as l−412 l
−4
34 , so that each estimator
̂AJ,Zh,l1l2,l3l4
contributes a signal-to-noise squared ∝ l12l34. The number of triangle configurations subject





, leading to a




We plot the 3σ detection limit for the reduced fossil amplitude in Figure 3.5 as a
function of the angular resolution lmax, which confirms the l
−2
max scaling behavior. The
case of scalar, vector, and tensor fossil field is plotted separately. When both parity-even
and parity-odd BiPoSHs for a vector fossil or a tensor fossil are included, the detection
sensitivity is roughly twice as good as the case of a scalar fossil, due to doubling of the
polarization states. We also plot the sensitivities including only parity-odd BiPoSHs (with
a compromise in overall sensitivity though), which would not be generated via lensing by
foreground gravitational potential. Those are the smoking gun of vector or tensor new
physics in the primordial Universe. We find that our estimators are more sensitive to
parity-odd BiPoSHs generated by a tensor fossil field than that generated by a vector fossil
field.
Our results show that the Planck experiment with lmax ∼ 2500 is capable of probing
reduced fossil amplitude down to AZh ≈ 5 × 10−20 − 10−19, comparable to redshift LSS
surveys with a large comoving volume V ∼ 60 Gpc3h−3 but a moderate resoltuion kmax =
0.1hMpc−1.
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3.2.4 Relation to primordial trispectrum τNL
For the case of a scalar fossil field, the effective trispectrum ((b) of Figure 3.1) mediated
by an internal fossil field mode is conventionally parametrized terms of the τNL parameter,
which is defined through the connected part of the primordial potential trispectrum
〈Φ (k1) Φ (k2) Φ (k3) Φ (k4)〉 = (2π)3 δD (k1 + k2 + k3 + k4)TΦ (k1, k2, k3, k4) , (3.33)
where





τNL {PΦ (k1)PΦ (k2)PΦ (|k1 + k3|) + 23 cyclic} . (3.34)
If we put together two scalar-scalar-fossil triangles of squeezed configuration, which share
the same third side of fossil mode, a connected potential trispectrum is formed, which is
given by
TΦ (k1, k2, k3, k4) = f
α






























































Since the polarization sum in the square brackets evaluates to unity for the case of scalar
fossil, we derive for the case of a scalar fossil field the conversion between our reduced fossil
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amplitude and τNL,
ALh = 5.3× 10−23τNL, (3.36)
for the case of a scale-invariant primordial potential power spectrum PΦ(k) ≈ 1.72 ×
10−8 k−3. Through this conversion, our results for scalar fossil field is consistent with
previous forecasts on local-type primordial trispectrum.100,101
3.3 Summary
We point out that existing analysis on primordial trispectrum τNL have not constrained
fossil fields of vector or tensor type. This is because the estimator for local-type τNL,
Eq. (3.33) and Eq. (3.34), picks up a collapsed four-point function that is independent
of the relative azimuthal angle ∆ϕ between the two squeezed triangular configurations,
as shown in Figure 3.6, while a vector or a tensor fossil field is expected to induce higher
order harmonic dependence on ∆ϕ. This opens up the possibility of searching for non-trivial
primordial potential trispectrum mediated by new vector or tensor fields with current high-
resolution CMB experiments. The search will be complimentary to conventional searches
for a primordial scalar-scalar-scalar bispectrum, which only involves the adiabatic mode
during inflation and needs not to be mediated by a fossil field. Possibly due to discrete
symmetry or supersymmetry, it is conceivable that there might be a large primordial scalar
trispectrum in the absence of a significant scalar bispectrum.102
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Figure 3.6: How a primordial potential (solid) trispectrum depends on the azimuthal sep-
aration ∆ϕ between the two triangle configurations is determined by the spin of the inter-
mediate fossil mode (dashed).
Searching for possible trispectrum arising from “exchanged diagrams” due to a scalar-
scalar-new-field coupling has so far been left out for future study even in the most recent
data analysis of the Planck experiment.83 If done, this will put constraints on multi-field
inflationary scenarios.70,71,103–105
Since the primordial potential perturbation induces both temperature fluctuations and
polarization in the CMB, a primordial scalar-scalar-fossil bispectrum is expected to break
statistical isotropy not only in the temperature map, but in the polarization map as well.
Just like the case of temperature, fossil fields on large angular scales might modulate the
two-point statistics of linear polarization Stokes parameters on smaller scales. Sourced by
scalar perturbations, this applies to parity-even E-type polarization anisotropies but not
for parity-odd B-type polarization anisotropies. Our analysis on temperature anisotropy
can be directly generalized to polarization anisotropy using a generalized bipolar spherical
harmonic formalism to account for spin-two Stokes parameters.106,107 Including polarization
anisotropies adds to the total number of independent harmonic modes and hence decreases
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the cosmic variance limitation on non-Gaussianity measurement. However, the improvement
on the overall signal-to-noise is expected to be at most a factor of few, depending on
the polarization map resolution and the specifics of foreground or instrumental noise, and




Gravitational Waves and CMB
Lensing
Resulting from a variety of late-time effects, the observed fluctuations in the CMB do
not faithfully represent the initial perturbations as generated by the inflation mechanism.
An important category of late-time effects arise from general relativistic kinetic corrections
to photon propagation in a perturbed spacetime. After all, in cosmology and astronomy
we rely heavily on the reception of electromagnetic quanta to make inference about the
physical property of distant sources. Therefore, in order to be able to discover any new
physics in the initial condition, such as what has been discussed in Chapter 3, thorough
understanding and modelling of the late-time effects in the CMB are imperative. These
effects in turn provide an avenue to look for new phenomena in the late-time Universe, such
as the existence of primordial gravitational waves.
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A photon carries three pieces of information as it travels through spacetime. First, it
has a fixed (angular) frequency ω, corresponding to a fixed energy E = ~ω. Second, it
propagates along a fixed direction n̂, which determines the momentum the photon carries
p = ~ωn̂. Finally, the photon is either in one of the two independent linear polarization
states, both perpendicular to the direction of propagation, or in a superposition.
Note that according to special relativity such measurement of the photon state is always
reference-frame dependent. The outcome of the measurement depends on the motion of both
the emitting source and the observer. For instance, relative velocity between the source
and the observer is known to induce a relativistic Doppler shift in the photon frequency,
or equivalently, its energy. Moreover, change to the measured direction of propagation
due to such relative motion is referred to as the relativistic aberration.108 In addition,
the orientation of photon polarization may change under aberration. In a fully general
relativistic treatment, photon energy undergoes further redshift or blueshift when it climbs
out of local gravitational potential. This Sachs-Wolfe effect is responsible for the large-scale
temperature anisotropies we observe on the surface of last scatter.109 While local motion
and local gravitational potential are indeed important effects to account for in CMB physics,
that will not be the focus of study in this Chapter. Instead, we consider non-local line-of-
sight integral effects on photon propagation as a result of spacetime lumpiness.
Achromatic redshift/blueshift of photon energy occurs if the photon traverses a re-
gion with time-dependent gravitational potential. This is called the Integrated Sachs-Wolfe
(ISW) effect109 or Rees-Sciama effect110 in a more general sense, a major source of CMB
temperature anisotropies on large angular scales resulting from the decaying large-scale
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gravitational potential during the recent epoch of Dark Energy domination.111 More gen-
erally, any perturbation to spacetime metric may generate ISW effect. For instance, grav-
itational waves distort spatial metric and may account for a fraction of the large-scale
temperature anisotropies in the CMB if they were produced in the early Universe.
Integrated deflection of photon direction of propagation is usually referred to as gravi-
tational lensing, a famous prediction of general relativity. The concept has been proposed
long ago in the study of gravitational deflection of background star-light near massive celes-
tial objects. On cosmological scales, smooth but inhomogeneous mass distribution can also
deflect the paths of CMB photon, in addition to compact massive objects such as galaxies
and clusters.112,113 Since the image distortion in this regime is subtle, this is usually called
weak gravitational lensing, in contrast to strong gravitational lensing which typically pro-
duces multiple images. This phenomenon in the CMB has a wide scope of applications on
extracting cosmological informations.89,90,114,115 Besides, vector or tensor metric pertur-
bations, possibly induced by cosmic strings,116 or originating from inflation, may lens the
CMB as well.86,117–119
The statistics of polarization anisotropies in the CMB is also affected by gravitational
lensing by intervening large scale structure.90,120 This is because inhomogeneous gravita-
tional deflection geometrically distort the observed polarization pattern on the sky. How-
ever, apart from deflection, another aspect of the physics had been largely neglected in the
literature until our recent work,58 which is the fact that the plane of linear polarization ro-
tates about the direction of propagation as it is being parallel transported through a curved
spacetime. This aspect is not important for weak lensing by scalar gravitational potential,
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because this polarization rotation is zero for a linearized calculation under the Born ap-
proximation, which is usually sufficient for weakly perturbed spacetime metric. However,
it has to be consistently accounted for when calculating weak lensing by vector or tensor
metric perturbations, e.g. when searching for evidence of vorticities or gravitational waves
in the early Universe.
A new contribution to the study of weak lensing physics is the elucidation of this po-
larizaton rotation effect, based on the published work of Ref.58 Although this will be the
highlight of this Chapter, for a self-contained presentation we will first lay down the com-
plete harmonic-space formalism of weak lensing by general metric perturbations, for both
temperature and polarization observables. We first discuss in Section 4.1 the transporta-
tion of photon energy-momentum and polarization through a weakly perturbed spacetime
using general relativity. In Section 4.2, we then formulate the general effect of weak lensing
on harmonic-space observables using the TAM formalism. Finally, Section 4.3 is devoted
to the case study of weak lensing by gravitational waves, highlighting on the polarization
rotation effect. We close this Chapter by a brief summary Section 4.4 in the end.
4.1 Transportation in perturbed spacetime
In cosmological applications, typically the photon wavelength is much shorter than
the length scale associated with spacetime curvature. In this geometrical optics limit, the
propagation of photon is described by geodesic transportation of the photon covariant 4-
momentum vector and polarization vector. This shall lay down the basis of our discussion.
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For simplicity, we will first be content with a calculation for a perturbed Minkowskian
spacetime, rather than for a perturbed universe of homogeneous expansion. Although in
many astrophysical applications, weak lensing in a perturbed Minkowskian spacetime is suf-
ficient, there are many cosmological contexts in which distances comparable to the horizon
scale (for instance the distance between the last scattering surface and us) are involved. For
those cases, the calculation needs to be carried out in a perturbed FLRW spacetime. Nev-
ertheless, we will see that eventually the result for a perturbed Minkowskian spacetime can
be straightforwardly generalized to the desired result for a perturbed FLRW spacetime, due
to invariance of photon geodesic motion under a conformal transformation, which properly
accounts for the effect of the cosmological scale factor.
We will also be content with a calculation valid to linear order in metric perturbations.
This approximation is practically valid in all cosmological contexts. Let us consider the
following perturbed spacetime
ds2 = − [1 + 2a(x, t)] dt2 + 2bi(x, t)dtdxi + [δij + hij(x, t)] dxidxj . (4.1)
Perturbation has been parametrized in a general gauge by a scalar a(x, t), a vector bi(x, t),
and a rank-two tensor hij(x, t). Useful algebraic results are collected in Appendix A.
We define stationary observers at each spatial location, who are stationary with respect
to the unperturbed metric. They are different from free-falling observers; those have peculiar
velocities with respect to the background metric as they fall into gravitational potentials.
We make theoretical prediction for what is measured by those stationary observers. We
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do not choose a free-falling observer, because the effect of the observer’s peculiar velocity
is often treated separately. Stationary observers define a time direction
eµ(0) = {1/
√−g00,~0} = {1− a,~0}, (4.2)











This choice of eµ(i) are non-rotating. They differ minimally from the natural tetrad vectors
in an unperturbed spacetime as the deviation is linear in metric perturbations. We will see
that this point becomes crucial when we discuss polarization rotation.
We will use a dot to denote a derivative with respect to time t, and use ∂i for a derivative
with respect to the spatial coordinate x.
4.1.1 Energy and momentum
Consider a photon with 4-momentum pµ, as shown in Figure 4.1. It has polarization
tensor Pµν normalized to δ
µνPµν = 1. Upon observation, suppose the photon has observed
energy ωo and observed direction n̂
i in the sky. The photon 4-momentum then reads









p0(t = to) =
1
ωo
p0o = 1− ao − n̂ibo,i, (4.5)
1
ωo
pi(t = to) =
1
ωo






Of course, if there are no metric perturbations, the zeroth order photon 4-momentum is
given by p0(0) = ωo and p
i(0) = −ωon̂i (“o” stands for observing time and location, and “e”














Figure 4.1: Gravitational lensing of light from a distant source. The physical trajectory is
shown with the solid line. The undeflected trajectory, which would be true in an unper-
turbed spacetime, is shown with the dashed line. It is used to infer the image position.
The photon 4-momentum is geodesic transported along the null trajectory,
dpµ
dλ
= −Γµαβ pαpβ , (4.7)
parametrized by the affine parameter λ. We have p0 = dt/dλ. Since dpµ/dλ is at least first
order, we only need to substitute in dt/dλ = ωo, so that
ωo ṗ
µ = −Γµαβ pαpβ . (4.8)
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Neglecting terms beyond linear order in perturbations, we then have equations for the
first-order correction due to metric perturbations,
ωo ṗ
µ(1) = −Γµαβ pα(0)pβ(0). (4.9)
A decomposition into the temporal and the spatial component yields
1
ωo
ṗ0(1) = −Γ000 + 2Γ00in̂i − Γ0ijn̂in̂j , (4.10)
1
ωo
ṗi(1) = −Γi00 + 2Γi0jn̂j − Γijkn̂jn̂k. (4.11)
In the Born approximation, one integrates along the unperturbed line of sight dt = −dr
(which is sufficient at linear order), where r parametrizes the distance along the line of
sight. Note, however, that an appropriate boundary condition must be specified at the
observer’s location.
(Integrated) Sachs-Wolfe effect: Consider an inertial observer at rest relative to the back-
ground (Minkowskian) metric. She measures the photon energy to be














at the observer’s location. The fractional perturbation in photon
energy (integrated Sachs-Wolfe effect) is then obtained by evaluating Eq. (4.12) at the
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Here and thereafter, integrands of line-of-sight integrals are understood to be evaluated on
the past light cone d/dr = −∂t + n̂i∂i. A familiar case is lensing by scalar gravitational
potentials, for which we choose the Newtonian gauge a = Φ, bi = 0 and hij = −2Ψδij .
Then the redshift is
ωe
ωo





−Φ̇ + 2n̂i∂iΦ+ Ψ̇
]








The first term gives the Sachs-Wolfe effect, and the second term gives the integrated Sachs-
Wolfe effect whenever the gravitational potentials are non-static.
Deflection: The solution for 3-momentum is given by
pi
ωo
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and then convert between the affine parameter λ and coordinate time t. The part transverse
to n̂i can be obtained by contracting with the projection tensor Πij = δ
i

































Since the transverse displacement is at least first order in metric perturbation, the source
light-cone effect (namely the observed time of the source is perturbed) can be neglected,
which justifies a direct integration over the unperturbed line of sight in order to find xi⊥.































in agreement with e.g. Ref.121 Inserting the special case of gravitational potential a = Φ,












CHAPTER 4. GRAVITATIONAL WAVES AND CMB LENSING
4.1.2 Polarization
The photon polarization state can be specified by a polarization vector εµ 1, which
is parallel transported along the photon’s geodesic pν∇νεµ = 0. The on-shell condition
imposes εµ pµ = 0. This is forced along the geodesic because poth ε
µ and pµ are parallel-
transported along it.
The polarization vector εµ still has one gauge degree of freedom,
εµ −→ εµ + αpµ, (4.19)
where α is any coefficient. This preserves the on-shell condition because the photon is
massless pµpµ = 0. This introduces an ambiguity when interpreting the result for ε
µ.
This gauge redundancy can be eliminated by a screen-projection procedure.122 Consider
an inertial observer at any single space-time point, the observer defines a time direction
eµ(0). The 4-momentum p
µ projected onto the perpendicular spatial hyper-plane then points





where ω is the photon energy measured by the observer. The screen projection tensor,
1Strictly speaking, the most general polarization state is specified by a two-by-two polarization tensor,
although when the photon is in a pure state, the polarization tensor is the direct product of a doubling of
the polarization vector associated with that pure state. In that case, flipping the sign of the polarization
vector has no physical consequences.
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projects any vector onto a two-dimensional subspace perpendicular both to the time direc-
tion and the direction of propagation. When acting on εµ
Sµν ε
ν = εµ +
pµ
ω
eν(0) εν , (4.22)
it exactly eliminates the gauge piece in Eq. (4.19). This procedure can be in particular
carried out at the observer’s location and at the source location.
We are now in a position to solve εµ along the photon trajectory. The initial condition
can be written in terms of the observer’s tetrads,




(a), a = 0, 1, 2, 3. (4.23)
Using Eq. (4.2) and Eq. (4.3), the expressions for εµ(t = 0) read
ε0(t = 0) = ε0o = ε
(0)
o − ε(0)o ao + ε(i)o bo,i, (4.24)








The zeroth-order solution (solution in Minkowski spacetime) is simply
ε0(0) = ε(0)o , ε
i(0) = ε(i)o . (4.26)
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= −Γµαβ pαεβ . (4.27)
The first-order part of the equation is
dε0(1)
dt
= −Γ000 ε(0)o − Γ00i ε(i)o + Γ0i0 n̂iε(0)o + Γ0ij n̂iε(j)o , (4.28)
dεi(1)
dt
= −Γi00 ε(0)o − Γi0j ε(j)o + Γij0 n̂jε(0)o + Γijk n̂jε(k)o . (4.29)
A straightforward integrations along the unperturbed line of sight gives
ε0e = ε
(0)
o − ε(0)o ae +
1
2


































































Polarization rotation: What do we really mean by “the polarization plane rotates in a
perturbed spacetime”? How would we know whether the polarization plane has rotated
with respect to some reference direction at all?
In flat spacetime it is unambigious to compare the direction of a 4-vector at two separate
locations — the vector can be decomposed in terms of a set of tetrad vectors — its “ spatial
orientation” is given by the expansion coefficients, ε(a) in Eq. (4.23), for the three spatial
tetrad vectors a = 1, 2, 3. In a flat spacetime, all points naturally share the same set of
tetrad vectors that can be trivially translated back and forth, so any rotation is signified
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by a change in the expansion coefficients. The flat spacetime case would correspond to
the unperturbed trajectory in Figure 4.1, along which both εµ and tetrad vectors are
transported in the same way (in particular, three unit vectors in the x-, y- and z-directions
at one point would correspond to the three unit vectors at another point respectively).
Therefore, there is no polarization rotation when photon is propagating in flat spacetime.
The situation changes in a perturbed spacetime, in which a photon travels along a
deflected trajectory in Figure 4.1. At both ends of the trajectory, εµ may be expanded in
terms of the local set of tetrad vectors. However, the tetrad vectors differ at the observer’s
location and the source location, the “minimal” choice given by Eqs. (4.2)–(4.3), are not re-
lated by geodesic transport, and therefore a non-zero change in the corresponding expansion
coefficients ε(i) signals a physical rotation of the polarization plane due to curved spacetime
geometry. If they otherwise are, geodesic transportation of the polarization vector itself
would imply no “rotation” whatsoever.
We point out that in the general relativistic literature this gravitational polarization
rotation is referred to as the gravitational Faraday effect, an analogue of the electromagnetic
Faraday rotation in a magnetized medium. It was first studied in the problem of gravito-
magnetic drag by strong or weak gravitational field near massive rotating bodies.123–128
The work of Ref.,58 to the best of our knowledge, is the first to consider this effect in a
cosmological context to derive weak lensing distortion to CMB polarization anisotropies.
We are now ready to derive the polarization rotation. We first screen-project εµe to
remove gauge redundancy. Without loss of generality, we may choose the observed polar-
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ization (boundary condition here) to be screen-projected with respect to the z direction
(which is also the line-of-sight direction so that n̂i = δi3), i.e. we choose ε
(0)
o = 0 and
ε
(3)
o = 0. Consistently calculating to linear order in perturbations, we obtain the compo-
nents of (Se · εe)µ,
(Se · εe)0 = ε(i)o be,i, (4.31)








































We then expand the gauge fixed polarization vector (Se ·εe)µ using the tetrads at the source





































for i = 1, 2, 3. We are not interested in ε
(3)
e as it merely gives the component along the
direction of propagation. 2 On the other hand, the two transverse components of our








e,µ does not precisely give the direction of propagation at the source location, and ε
(3)
e
is not precisely vanishing. However, the difference is essentially due to the deflection of photon momentum,
an effect already derived in Section 4.1.1. For a quantification of polarization rotation at leading non-zero
order, it is sufficient to neglect this subtlety.
92
CHAPTER 4. GRAVITATIONAL WAVES AND CMB LENSING























This parametrizes a two-dimensional rotation of an angle ψ (when viewed by the observer
against the direction of propagation, counter-clockwise rotation has positive ψ)
Rij = Π
i


















For scalar gravitational potentials a = Φ, bi = 0, hij = −2Ψ δij , one can verify that the
rotation angle ψ vanishes. A non-zero rotation angle may arise from a vector metric per-
turbation, either from the transverse part of bi, or from the vectorial part of hij ; it may also
arise from gravitational waves, which are parametrized by the transverse trace-free part of
hij (c.f. SVT decomposition Eq. (2.2)).
Eq. (4.37) is our central result for gravitational polarization rotation. We emphasize
that the line of sight integral is not a gauge artifact. In fact, under a general gauge trans-
formation Eq. (A.9) (see discussion in Appendix A), Eq. (4.37) shifts only by a boundary
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term,











− n̂l∂i (∂jξl + ∂lξj)
]








= ψ − 1
2
ǫkijn̂k [(∂iξj)e − (∂iξj)o] . (4.38)
This boundary term is understood as a rotation of the reference tetrads under Eq. (A.9),
Rξ,ij = δij +Ωij = δij +
1
2
(∂iξj − ∂jξi) , (4.39)
according to Eq. (A.11). Of course, the orientation of the physical photon polarization is
unaffected, but merely its expansion coefficients with respect to the chosen tetrad vectors
change. Therefore, up to the boundary term in Eq. (4.38), the rotation angle ψ is physical.
Note that for scalar metric perturbation, ξi is a pure gradient field, so that this boundary
term vanishes identically. On the other hand, tensor metric perturbations are gauge invari-
ant,129 for which the boundary term does not exist. These are the two cases most relevant
to applications in standard cosmology.
4.1.3 Expanding FLRW universe
In the cosmological context, photons do propagate over large spatial and temporal
scales over which the expansion of the Universe is very significant. Therefore, hereafter we
generalize our results to an expanding FLRW universe perturbed by metric fluctuations. For
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an expanding FLRW universe, and in a general gauge, the perturbed metric is dependent
on the conformal time η and the comoving position xi
ds2 = a2(τ)
[
−(1 + 2A(x, τ))dτ2 + 2Bi(x, τ)dτ dxi + (δij + hij(x, τ)) dxidxj
]
,(4.40)
where τ is the conformal time variable, a(τ) is the scale factor, and x is the comoving
position. Again, the metric perturbation consists of a scalar field A(x, τ), a vector Bi(x, τ),
and a symmetric tensor hij(x, τ). This is conformally similar to the metric in Eq. (4.1).
Photon geodesics are invariant under this Weyl transformation, and hence all angles
are invariant. For this reason, the physical effects of metric perturbations on photons
in a perturbed FLRW spacetime can be directly obtained from the case of a perturbed
Minkowskian spacetime.121 First, the effect of scale factor a(τ) can be accounted for by
a homogeneous rescaling of the photon 4-momentum pµ → pµ/a2(τ) and a rescaling of
the tetrads eµ(a) → e
µ
(a)/a(τ). The radial interval dr has to be replaced by the comoving
radial interval dχ = dr/a(τ). Using these rules, results for an expanding Universe can be
straightforwardly written down. The fractional anomalous shift in the photon energy, a
generalization of Eq. (4.13), reads
ae ωe
ao ωo












We have used a prime to denote a derivative with respect to the conformal time τ . The
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Again, all line-of-sight integrals are understood to have their integrands evaluated on the
past light cone d/dχ = −∂τ + n̂i∂i.
4.2 Lensing kernels in harmonic space
When we observe the photons traveling in all directions from the last scattering surface,
different line of sights probe different intervening metric fluctuation. Those are random but
correlated to some extent. The motivation of an all-sky harmonic analysis is to disentangle,
for any physical observable depending on the direction in the sky n̂, variations that occur
across different angular scales (inversely proportional to the harmonic multipole l).
In this Section, we provide a unified framework to analyze the effect of weak lensing
(both deflection of line of sight and rotation of polarization) on temperature and polarization
anisotropies. We will see that the effect of weak lensing, to leading order in perturbation,
is to couple together different temperature or polarization spherical harmonic multipoles,
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which are presumably Gaussian and uncorrelated with each other in an unlensed CMB sky.
Our discussion will be based on the TAM formalism introduced in Chapter 2. We will
borrow some of the notation adopted there.
4.2.1 Deflection potentials
Deflection is described by a displacement field θi(n̂) on the two-dimensional sky. A
general displacement field may be decomposed into a curl-free part and a divergence-free
part, similar to the transverse/longitudinal decomposition of a three-dimensional vector
field (c.f. Eq. (2.1)). Therefore, the displacement is generated by two scalar potentials: a
gradient deflection potential φ(n̂) and a curl-deflection potential Ω(n̂).86,90 We have
θi(n̂) = −M i⊥ φ(n̂) +KiΩ(n̂), (4.44)
where differential operators Ki and M i⊥ have been defined in Eq. (2.28). Both potentials








If the foreground metric perturbations are statistically isotropic, the potentials have angular
power spectra
〈φJMφ∗J ′M ′〉 = CφφJ δJJ ′δMM ′ , 〈ΩJMΩ∗J ′M ′〉 = CΩΩJ δJJ ′δMM ′ , (4.46)
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where we average over all possible realizations. Note that the statistics of metric perturba-
tions are not necessarily homogeneous; since only perturbations on the past light cone are
relevant, they may evolve significantly along the radial direction. The deflection field then












We see that gradient-deflection φ generates parity-even displacement patterns, while curl-
deflection Ω generates parity-odd displacement patterns.
4.2.2 Deflection of temperature field
The unlensed temperature fluctuation field Θ(n̂), being a scalar function, can be ex-





The temperature multipoles Θlm are intrinsically Gaussian random variables with isotropic
statistics. The complete statistical property is quantified by the unlensed power spectrum
〈ΘlmΘ∗l′m′〉 = CΘΘl δll′δmm′ . (4.49)
3A notational remark. We reserve uppercase J, M for multipoles describing lens scales, and lowercase
l, m for multipoles describing CMB fluctuation scales.
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Since deflection moves lines of sight, but otherwise preserves surface brightness, as dictated
by Liouville’s theorem, the lensed temperature field, always labelled with a tilde, is given
by a displaced one130
Θ̃(n̂) = Θ(n̂) + θi∇iΘ(n̂) +
1
2
θiθj ∇i∇jΘ(n̂) + · · · , (4.50)
where ∇i is the covariant derivative defined on the two-sphere 4.
Note that we have truncated the Taylor expansion at quadratic order, which will be suf-
ficient for deriving the leading-order weak lensing effect on CMB power spectra. The caveat
is that on sufficiently small angular scales, say below the typical deflection angle, such a
perturbative expansion fails to converge, and non-perturbative evaluation is in need.131 The
interpretation for perturbative expansion Eq. (4.50) with non-commuting covariant deriva-
tive is that the line of sight is being shifted along a big circle. This defines the deflection
beyond the leading-order, flat-sky approximation, and carefully accounts for the curvature
of the sky at higher orders in the expansion. Note that a careful definition of deflection on a
spherical sky is crucial already at the leading-order computation of lensed power spectrum.
The inclusion of the quadratic terms in Eq. (4.50) guarantees that the ensemble averaged
magnification on the source plane is unity, a result due to overall conservation of light rays,
for both weak or strong gravitational lensing.132 As we will see later, this issue is even more
subtle when deflection of the polarization field is being considered.
We also introduce here a rigorous formulation of deflection beyond linear order in deriva-
4When acting on scalar functions ∇i = −M⊥i; when acting on vector functions or functions with more
indices, the effect of ∇i is more complex.
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tive. For every direction in the sky n̂i, there is a unique displacement θi, whose effect, at
line of sight n̂i and to nonlinear orders on a spherical sky, is equivalent to a rotation of
geodesic distance |θi| about the direction ai(n̂) = ǫijkn̂jθk(n̂) perpendicular to both θi and
n̂i. Since the generator of such a rotation is the orbital angular momentum operator Li,














Here N [· · · ] is normal ordering, i.e. in the Taylor expansion of the exponential all θi’s












θi1θi2 · · · θinM⊥i1M⊥i2 · · ·M⊥in . (4.52)
This prescription exactly leads to Eq. (4.50).
Having the derivative expansion Eq. (4.50), the lensed temperature multipoles are then
given by















= C̃ΘΘl δll′δmm′ . Here the ensemble average is carried out over all realizations of
the intrinsic CMB fluctuation and all realizations of the metric lens. It is normally expected
that the power spectrum remains diagonal and isotropic if both ensemble averages are taken.
100
CHAPTER 4. GRAVITATIONAL WAVES AND CMB LENSING
We furthemore assume that intrinsic CMB fluctuations Θ are uncorrelated with the lensing
potentials φ and Ω, so that ensemble average over intrinsic CMB realizations and over
lens realizations decouple. This assumption is valid for lensing by foreground large-scale
structure mainly at low redshifts z ∼ 3, which is spatially far away from the last scattering
surface. The assumption would also be valid for lensing by a stochastic background of
primordial gravitational waves, which is expected to be statistically independent of the
primordial adiabatic perturbations that serve as the seeds of cosmic structure. Some useful
algebraic results crucial for our derivation are collected in Appendix B. The end result for
correction δCl ≡ C̃l − Cl reads













































is the all-sky mean square deflection angle, and the parity symbol is defined as P±l1l2l3 ≡
[1± (−)l1+l2+l3 ]/2.
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4.2.3 Deflection of polarization field
Photon polarization is quantified by a symmetric, trace-free rank-two tensor Pij(n̂)
perpendicular to the line of sight. When circular polarization is neglected, it contains two
degrees of freedom, corresponding to the two conventional Stokes parameters Q and U . It













where the E-modes Elm’s correspond to parity-even patterns and the B-modes Blm’s cor-
respond to parity-odd patterns. The unlensed polarization field is Gaussian random, quan-
tified by the auto/cross power spectra
〈ElmE∗l′m′〉 = CEEl δll′δmm′ , (4.57)
〈BlmB∗l′m′〉 = CBBl δll′δmm′ , (4.58)
〈ΘlmE∗l′m′〉 = CΘEl δll′δmm′ , (4.59)
〈ElmB∗l′m′〉 = 0, (4.60)
〈ΘlmB∗l′m′〉 = 0. (4.61)
Cross power spectra between the B modes with either the temperature or the E modes
vanish due to invariant statistics under a parity flip.
Similar to the case of temperature, deflection is equivalent to a parallel transport of
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Pij(n̂) along the great circle over a geodesic distance of |θi|, which is generated by a rotation
along the direction ai(n̂) = ǫijkn̂jθk(n̂). What is different, though, is that it is the total
angular momentum operator Ji, rather than the orbital angular momentum operator Li,








For calculating power spectra at leading non-trivial order, it suffices to expand to quadratic
order in derivatives,






k′l′m′ n̂l′Jm′)Pij(n̂) + · · · (4.63)
Using Eq. (4.56), the polarization multipole moments transform under deflection as












































We will see later that Eqs. (4.64)–(4.65) are not the complete results for the lensed polar-
ization; gravitational Faraday rotation has to be included in addition to deflection.
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4.2.4 Polarization rotation
So far we have only considered one effect from the metric perturbations on photon
polarization, namely the deflection θi(n̂) of light of sight. Another effect, gravitational
Faraday rotation ψ(n̂), has to be simultaneously accounted for. The reason is that polar-
ization rotation field ψ is in full correlation with the curl-deflection potential Ω, as one can
use Eq. (4.42), Eq. (4.43) and Eq. (4.44) to directly verify that for any lens realization
ψ(n̂) = −1
2




Since the curl-deflection potential Ω generates the anti-symmetric part of the lensing Jaco-
bian, it quantifies rotation of an infinitesimal image with respect to its source orientation.
The above equation relating ψ and Ω states that the polarization rotation is exactly equal






that implies relations between the rotation power spectrum, the curl-deflection power spec-








We are now in a position to derive the additional change in the polarization tensor Pij(n̂)
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due to rotation ψ. To derive at sufficient order, the linearized rotation matrix Eq. (4.36)
may be exponentiated and then be truncated at quadratic order
Rij =
(










Πi′j + · · · (4.69)




= Pij + 2ψ ǫik










By definition, the helicity basis tensor spherical harmonics Y ±2(lm)ij , defined in the text before
Eq. (2.69), pick up a phase under this rotation
Ri
i′Rj








Since the TE/TB type tensor spherical harmonics Y TE,TB(lm)ij are linear combinations of the
helicity harmonics Y ±2(lm)ij , we find lensing corrections to the polarization multipole moments
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(in additional to Eqs. (4.64)–(4.65))


















































































































Note that when computing lensed power spectra, contributions from rotation Eqs. (4.72)–
(4.73) must be combined with contributions from deflection, namely Eq. (4.50) and Eqs. (4.64)–
(4.65), due to correlation between Ω and ψ.
After some heavy but straightforward algebra, we report the final results for the lensed
temperature/polarization (cross-)power spectra, taking into account deflection of both type
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φ and Ω, as well as the rotation ψ:
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These expressions are the key analytical results of this Chapter. They are valid up to
linear order in arbitrary metric perturbation. Although we have referred to the CMB as
the most relevant physics context, these results are generally applicable to any wide-angle





ll′J have been known in the CMB lensing literature.
90,119,133
The polarization rotation kernel Hψll′J has been derived for the first time in our Ref.
58 with
a correct treatment of the cross-correlation with deflection. The presence of parity symbols
P±ll′J is a result of parity conservation under ensemble average. These expressions, at the











l ] are invariant under lensing, for arbitrary intrinsic CMB power
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spectra and for arbitrary lens power spectra. This conclusion can be explicitly verified from
the analytical expressions we have provided here.
4.3 Lensing by gravitational waves and polarization rotation
As an illustrating example, we compute the weak lensing impact on CMB polarization
anisotropies from stochastic gravitational waves, i.e. tensor metric perturbations. This may
be a relic of inflation, or is generated by large-scale structure formation or other subhorizon
physics. This possibility has been considered previously.119,133,134 Although current CMB
lensing surveys have put tight constraints on this feeble signal,4 the constraints may improve
significantly in the future with high-resolution cosmological 21cm surveys.87 It has also
been claimed in the literature that curl deflection is more efficient in converting E-mode
polarization anisotropies from primordial adiabatic perturbations into secondary B-mode
polarization anisotropies (“the lensing B modes”).135 Our results falsify this conclusion,
attributing the discrepancy to the neglecting of the gravitational Faraday rotation.
4.3.1 Lens power spectra from gravitational waves
We start by considering an FLRW universe perturbed by tensor metric perturbations,
which amounts to setting in the general perturbed metric A = 0, Bi = 0 and hij = γij , where
γij is trace-free δ
ijγij = 0 and divergence-free ∂
iγij = 0. The tensor metric perturbation
γij , being a symmetric tensor field, can be most generally expanded using the TAM basis
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The initial TAM amplitude γαJM (k) is linearly extrapolated to late times by a tensor transfer
function Tγ(k, τ), which can be solved from the equation of motion for tensor perturbations
in an expanding universe
γ′′ij + 2aHγ
′
ij − ∂2γij = 0. (4.80)
For example, in a matter-dominated Universe we have Tγ(k, τ) = 3j1(kτ)/(kτ). We may















δD(k − k′)δαα′δJJ ′δMM ′ , α = TE, TB, (4.81)
if the gravitational-wave background is statistically homogeneous and isotropic.
To obtain the relevant lensing spectra induced by gravitational waves, we specialize to
the case of tensor metric perturbations in Eq. (4.42) and Eq. (4.43). In this way, we derive
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It can be seen that the TE-type TAM components only generate gradient-type deflection,
while only the TB-type TAM components are responsible for curl-type deflection, as well
as polarization rotation. The relevant radial kernels are given by42,121
FGW,φJ (k) =
√


























FGW,ΩJ (k) = F
GW,ψ
J (k) = i
√











Here χ is the comoving radial distance to the source plane, and τ0 is the present conformal
time. Note that the same kernel appears for the curl-deflection Ω (equivalent to image
rotation) and the polarization rotation ψ. The two-dimensional lens power spectra then
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Supplied with the general results Eq. (4.74), these give predictions for the ensemble-averaged
CMB power spectra under weak lensing distortion, to which we turn next.
4.3.2 Corrections to CMB power spectra
We numerically evaluate lensing corrections to the CMB power spectra for theWMAP+BAO+H0
best-fit cosmological parameters.88 An almost scale-invariant primordial background of in-
flationary gravitational waves with tensor-to-scalar ratio r = 0.13 (the latest experimental















































Figure 4.2: Left panel: Lensing B-mode power spectrum from an inflationary tensor-mode
background r = 0.13 in concordance cosmology. B-mode conversion from deflection alone
(dashed), from rotation alone (dash-dotted), and from a correlation between deflection
and rotation (solid) are compared. Right panel: A comparison of how efficient primordial
E-mode polarization can be converted into secondary B-mode polarization, between two
fictitious universes of pure gradient deflection φ and pure curl deflection respectively Ω,
but with the same deflection power spectrum numerically CΩΩJ = C
φφ
J . We consider three
cases: by gradient deflection φ only (red, thin dashed), by curl deflection Ω only (blue
dash-dotted), and by a full correlation between curl deflection Ω and rotation ψ (blue, thick
dashed).
Primordial gravitational waves are expected to generate first-order B-mode polariza-
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tions that appear on large angular scales l ≤ 200. However, toward smaller angular scales,
the first-order B-mode signal is expected to be cut off due to rapid dilution of the grav-
itational waves in the subhorizon regime with the cosmic expansion. Instead, secondary
B-modes converted from first-order E modes by weak gravitational lensing dominate on
those scales. Apart from the scalar gravitational potential perturbations from foreground
large-scale matter distribution, freely propagating gravitational waves act as an additional
lens. In Figure 4.2, we focus on the generation of secondary B modes by gravitational
waves. It can be seen from the left panel that including deflection but neglecting rotation
overestimates the generated power. In fact, by including rotation, the expected power is
reduced, due to partial cancellation between the curl deflection and polarization rotation.
The origin of this cancellation is vividly demonstrated in the heuristic picture of Fig-
ure 4.3. Suppose we start with polarization anisotropies of purely E-mode type on the
last scattering surface, as anticipated in the standard inflation scenario, a foreground curl
deflection potential Ω, assumed to be uniform across a small patch of the sky, deflects light
rays and hence induces secondary B modes. This is because the optical consequence of
such a uniform curl deflection potential is to “rotate” the small patch by some angle, but
otherwise to keep the polarization at each point unchanged, which results in a “swirling”
pattern. However, this swirling pattern is to some extent spurious, as the same tensor
metric perturbations generating this curl deflection potential Ω would also induce polariza-
tion rotation ψ, which according to our result Eq. (4.66), is equal to the image rotation.
Rotating the polarization at each point by the same angle as that for the image rotation
largely undoes the swirling pattern, and therefore greatly reduces the B-mode anisotropy.
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It is worth pointing out that the cancellation will be exact if curl deflection Ω is perfectly
uniform. In more realistic cases, the cancellation will not be complete, since curl deflec-
tion Ω generated by a stochastic foreground of any metric perturbations is always spatially
varying.
Figure 4.3: A polarization map with only E modes on the last scattering surface (left)
may be deflected by a foreground of uniform curl potential Ω to give rise to secondary B
modes (middle). As indicated by the black circle, this curl deflection deflects lines of sight
along the tangential direction (clockwise) of concentric circles. However, when polarization
rotation is simultaneously included, the B modes are reduced (right).
It was previously found in Ref.135 that compared to the gradient deflection φ, the curl
deflection Ω can convert primary E modes into secondary B modes with greater efficiency.
However, the polarization rotation ψ, which is expected to be (anti-)correlated with the
curl deflection, was not accounted for at the time of their work. The right panel of Figure
4.2 clearly shows that the efficiency is almost identical (difference is not discernible from
the plot on almost all angular scales) when ψ is accounted for, at least when the unlensed
power spectra are sufficiently smooth functions.136
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4.4 Summary
In this Chapter, we have presented a systematic, complete full-sky harmonic-space for-
malism for weak-lensing distortions to the CMB temperature and polarization fields, as well
as their auto-/cross-correlation spectra. We have taken advantage of the TAM formalism
(also see Ref.137 for a recent review). Our results are valid for arbitrary linear metric
perturbations in an FLRW background in general gauges. We have provided the complete
weak-lensing effects on polarization, which includes a subtle correlated sum between the
deflection of line of sight and the gravitational Faraday rotation of polarization. Together
with the perturbation to photon redshift, we have exhausted the list of effects that metric
perturbations can impact on the propagation of photons.
Our new contribution to this extensively studied subject is the analysis of gravitational
Faraday rotation of the photon polarization, which may be induced by linear vector or ten-
sor metric perturbations in the Universe. It should be emphasized that polarization rotation
should not be regarded as a separate effect from gravitational deflection. As we have ex-
plained, the common origin from spacetime perturbations implies a crucial, full correlation
between the two, so that their impact on the CMB statistics has to be included simul-
taneously. Despite non-detection of the curl deflection in the CMB data, curl deflection
estimators have been developed to monitor systematics118 and to put limits on primordial
vector perturbation and tensor perturbation.138,139 To correctly extract information from
polarization maps, the cross correlation between curl deflection and rotation has to be con-
sistently accounted for. To this end, previous estimators constructed to measure direction-
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dependent rotation ψ(n̂), although motivated by considerations of non-gravitational new
physics, can be directly borrowed.140–143 Therefore, curl deflection estimators have to be
supplemented with rotation estimators under a joint analysis to put robust limits on exotic
gravitational lenses beyond the scalar gravitational potential generated by inhomogeneous
matter distribution.
Our analysis has been carried out at linear order in metric perturbations. This corre-
sponds to the Born approximation, for which the total lensing effect is the sum of indepen-
dent lens sheets along the line of sight. This means that the multiple-deflection couplings
between different lens sheets have been neglected. Under this approximation, we have shown
that the polarization rotation ψ is identical to the image rotation, which is given by the
anti-symmetric part of the deflection Jacobian, the image distortion tensor. For realistic
lensing by foreground large-scale structure, however, lens-lens coupling in the quasi-weak or
strong lensing regime may be important and a second-order computation is in need.144–148
It would be interesting to extend the analysis to second order to uncover possible general
relation between the polarization rotation ψ and the image distortion. We would like to




Waves in Large-Scale Structure
Complementary to the fluctuations in the CMB, large-scale structure of the Universe
provides another powerful avenue to study cosmological perturbations and their initial
condition. Its observational scope covers the large-scale distribution of dark matter and
baryons, as well as various types of astrophysical objects that have formed through grav-
itational collapse. It spans the epoch of structure formation during matter domination,
from the completion of cosmic recombination z < 1100, till the very recent dark-energy-
dominated Universe z . 1. It probes cosmological length scales that range from mildly
perturbed scales 100 − 104 Mpc to highly nonlinear scales ∼ kpc − Mpc. The central
task underlying the study of the large-scale structure is to make inference about the initial
perturbations generated via the inflation mechanism, through measurement of the matter
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distribution or tracer clustering at recent redshifts.
Thanks to rapid development in instrumental technology in astronomy, there has been
a major push in the observation of the large-scale structure, and hence a growing ambi-
tion to deepen our understanding about the Universe through detailed studies. Current
or planned large-scale structure surveys aim at larger angular and deeper redshift cover-
age, better imaging resolution, more diversity of tracers with different clustering properties
and formation physics, as well as a multi-component characterization of the sky that spans
decades in the wavelength. Despite that in many observations the implication for early Uni-
verse is expected to be obscured by astrophysical complexity, the three dimensional nature
of large-scale structure observations guarantees a great wealth of cosmological information
to be uncovered.
An almost scale-invariant background of cosmic-scale gravitational waves is a key pre-
diction of single-field slow-roll inflation.30–33 Active experimental efforts to detect signatures
in CMB B-mode polarization, generated by the part of the gravitational-wave spectrum that
entered the horizon after recombination, has been underway.53,55 For a slow-roll phase with
an expansion e-folds N ∼ 50− 60, it may also be possible to directly detect solar-scale relic
gravitational waves using ground-based or space laser interferometry in the future.150–153
On the other hand, there have been proposals on detecting signatures of primordial
gravitational waves in large-scale structure surveys, based on its lensing distortion to the
apparent galaxy clustering,154 cosmic shear from gravitational lensing,155,156 or distortion
to the apparent 21cm brightness fluctuation.87,157 However, those have been generally
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regarded not promising in terms of detection prospects, for the following two reasons. First,
gravitational waves are decoupled from dark matter clustering in linear theory of large-
scale structure formation, because in the linearized theory, gravitational waves are tensor
perturbations to the spacetime metric, while dark matter density perturbation is sourced
by scalar gravitational potentials. Furthermore, there is no sustained growth in the wave
amplitude throughout the epoch of structure formation during matter domination, when
no significant anisotropic stress in the cosmic fluid is present. On the contrary, linear
gravitational wave amplitude decays as the Universe continues to expand, as long as the
wavelength is on subhorizon scale. For these reasons, no impact on the physical clustering
process was considered before. Rather, attention was mainly given to the kinetic effect
of gravitational waves on photon propagation, which is not significant, both due to the
smallness of subhorizon wave amplitude, and due to the propagating nature of the wave.158
The impact of gravitational waves on the physical clustering of dark matter had re-
mained largely unexplored, except for a previous work by Masui and Pen159 in which the
idea of a fossil quadrupolar anisotropy was put forth for the first time. The effect being
described here is small, as in the language of perturbation theory it arises from a coupling
between the scalar density perturbation and the tensor metric perturbation at second order.
Still, there is no reason to take it less seriously than the gravitational lensing effect, which
is also of second order in perturbation.
From the observational point of view, a clean target effect would most likely arise from
large-scale gravitational waves affecting the growth of short-scale density modes. We will
be focusing on this kinematic limit hereafter. There are two aspects of the physics. First,
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the inflation mechanism sets up in the initial condition an apparent modulation of short-
scale scalar perturbations with large-scale tensor modes, which is fixed by the requirement
that no physical modulation is existant when power spectrum is evaluated at fixed physical
scales rather than coordinate scales. Second, after perturbation modes enter the horizon
and start to evolve, short-scale density waves locally experience a tidal force from large-scale
gravity waves, which breaks the isotropy of the collapse dynamics. The net result is a locally
observable anisotropic clustering that may be measured in upcoming large-scale structure
surveys. Based on our work Ref.,59 this Chapter will be devoted to detailed explanation
and analysis on this subject.
We will be considering the following FLRW metric perturbed by scalar perturbation
(in the Poisson gauge129,160) and tensor perturbation (i.e. gravitational waves)
ds2 = − [1 + 2Φ(x, t)] dt2 + 2a(t)wi(x, t)dxidt
+a2(t) [1− 2Ψ(x, t)] [δij + γij(x, t)] dxidxj , (5.1)
where the tensor metric perturbation γij is traceless and divergence-free, and for consistency
we have included a vector perturbation wi (satisfying ∂
iwi = 0) induced only at second
order. We will use uppercase K for tensor wave vector and lowercase k1,k2, · · · for scalar
modes, and always assume a hierarchy in scales K ≪ k1, k2, · · · .
We will first introduce in Section 5.1 the tensor-scalar-scalar consistency relation for
standard single-field inflation, and discuss its physical significance. Then in Section 5.2,
we introduce the concept of the gravitational-wave “fossil” imprint using a toy model of
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mass lattice in an expanding Universe. Next we present a rigorous calculation of the fossil
effect during the epoch of large-scale structure formation in Section 5.3, using perturbation
theory. Based on that result, Section 5.4 will be on the detection of fossil imprints in galaxy
clustering surveys, with emphasis on the importance of projection effects when defining a
gauge invariant galaxy observable. Finally, concluding comments will be given in Section
5.5.
5.1 Tensor-scalar-scalar consistency relation
Single-field slow-roll inflation (SFSR) produces both scalar adiabatic perturbations and
tensor perturbations. The second-order mode coupling can be most conveniently quantified
by a tensor-scalar-scalar bispectrum in the form of Eq. (3.3). In the post-inflationary epoch
when all cosomogical perturbation modes of interest are well beyond the Hubble scale,
Maldacena first derived that in the squeezed limit K ≪ k = |(k2 − k1)/2| and k ≈ k1 ≈ k2,
the bispectrum is simply related to the scalar spectral slope20,161






where d lnPφ/d ln k = ns−4, and the label ini signifies primordial perturbation amplitude on
superhorizon scales. Here ǫijα (K) is the polarization tensor for a plane wave of wave vector
K and polarization state α, and Pγ(K) and PΦ(k) are the linear tensor and scalar power
spectra, respectively. Note that the model-dependent correction due to a finite ratio K/k
is typically O[(K/k)2] and hence negligible. This squeezed bispectrum is interpreted as a
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spatial modulation of scalar power spectrum of short wavelengths, calculated locally within












Does this result imply that one could infer the existence of arbitrarily long-wavelength
gravitational waves by a local measurement of power anisotropy in the scalar sector? If
yes, it would be contradicting the famous Equivalence Principle in general relativity, which
says that local measurements do not reveal the existence of gradual variation in spacetime
geometry.59,159,162
The resolution of the paradox is that it is only meaningful to ask whether or not the
scalar (or matter) power spectrum evaluated at fixed physical scale is being modulated.
The wave number k in Eq. (5.3), conjugate to a spatial scale λ ∼ 2π/k, is a coordinate
separation. According to the metric Eq. (5.1), the proper spatial separation is given by

















CHAPTER 5. IMPRINTS FROM GRAVITATIONAL WAVES IN LARGE-SCALE
STRUCTURE
































the power is not modulated by the tensor mode. We see that in a general relativistic frame-
work, although the tensor-scalar-scalar consistency relation Eq. (5.2) is a correct mathe-
matical result, its interpretation needs caution. It will be exactly the physical scale, rather
than the coordinate scale (which does depend on one’s choice of coordinate system), that
specific physical processes in the late-time universe are dependent on.
Therefore, the consistency relation for the squeezed bispectrum Eq. (5.2) sets up the
correct initial condition for tensor-scalar coupling at second order, in such a way that there
is no physical correlation between long-wavelength tensor modes and short-wavelength scale
modes 1. This results from the physical picture that when the long-wavelength modes had
been excited from the de Sitter vacuum and had long been stretched to scales much larger
than the horizon size, the short-wavelength adiabatic modes were excited as if they were in
a homogeneous inflationary universe.
1The same argument and interpretation carry through for the squeezed scalar-scalar-scalar consistency
relation.163
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5.2 Fossil imprint of gravitational waves: a comsic lattice
analogy
If the formation of galaxies depend on the scalar power spectrum at given proper scale 2,
does Eq. (5.5) imply that there will be no physical modulation of galaxy clustering that can
be observed locally? The answer is no for a measurement done at later times when structure
formation has taken place, because gravitational waves are dynamical after horizon re-entry!





ds2 = −dt2 + a2(t)
[
(1 + γ)dx2 + (1− γ)dy2 + dz2
]
ds2 = −dt2 + a2(t)
[
dx2 + dy2 + dz2
]








∆ỹ = 1− γ∆x∆y = 1− γ, ∆x̃∆ỹ = 1
Figure 5.1: We use a toy model to demonstrate the fossil imprint of inflationary gravitational
waves on the distribution of matter in the Universe.
Imagine a homogeneously expanding Universe populated by a bunch of massive test
particles, which form a regular, three-dimensional lattice. This is sketched in Figure 5.1,
where we show a comoving patch of the two-dimensional lattice living on the x−y plane, at
two different times. Let ∆x and ∆y be the coordinate lattice spacing along the x direction
and the y direction, respectively. Similarly, let ∆x̃ and ∆ỹ be the proper lattice spacing along
2In cosmology we usually refer to given comoving scale. However, it merely differs from the proper
scale by the homogeneous scale factor a(t). The conversion between the two therefore is not crucial to our
argument.
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the two perpendicular directions. Imagine that at early times (left panel of Figure 5.1), the
Universe is perturbed by a gravitational wave, which propagates along the z direction and
has wavelength much longer than the horizon scale. Since the wave amplitude (assumed to
be small γ ≪ 1 so that we can linearize with respect to it) freezes out in this regime, the
metric can be written as
Early time : ds2 = −dt2 + a2(t)
[
(1 + γ)dx2 + (1− γ)dy2 + dz2
]
, (5.6)
i.e. a stretching-squashing mode along the two transverse directions. If the primordial dy-
namics during the inflationary epoch is assumed to be isotropic, an analogue of inflationary
tensor-scalar-scalar consistency relation Eq. (5.2) would dictate that a local observer would
expect a square lattice to begin with, if measured in proper length. This requires that
∆x̃/∆ỹ = 1 and hence ∆x/∆y = 1 − γ, i.e. unequal coordinate lattice spacing. Now we
examine what the toy Universe looks like at sufficiently late times, when the Universe is in
a decelerating phase and the gravitational wave will have its wavelength much shorter than
the Hubble scale. The Universe will have become homogeneous FLRW,
Late time : ds2 = −dt2 + a2(t)
[
dx2 + dy2 + dz2
]
, (5.7)
because the wave amplitude will have decayed significantly. However, solving geodesic
motion to first order in γ leads to the conclusion that all test masses will have fixed comoving
coordinate x, which implies constant ∆x and ∆y for the cosmic lattice. What will have
changed is the mapping between the coordinate separation and the proper separation, due
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= 1− γ, (5.8)
indicating that a local observer will see a rectangular lattice at later times, a breakdown of
isotropy.
From the perspective of a local observer, who always measures proper length scales,
the fossil effect results from the action of a time-dependent tidal force induced locally by
the dynamical gravitational wave. Although the tidal acceleration is suppressed by the size
of the lattice with respect to the wavelength of the tensor mode, it causes a non-negligible
accumulative displacement on the test mass.
The aforementioned imprint of gravitational waves has a few nice features. First, the
effect is not suppressed by the ratio between the short scale of the problem and the long scale
related to gravitational waves. As a matter of fact, the effect is independent of the short
scale, as long as the short scale is much shorter compared to the long scale. We have not
specified how large the lattice spacing scale has to be when compared to the gravitational
wavelength; it can be arbitrarily small. Second, the level of anistropy induced in the lattice
is proportional to the initial (superhorizon) wave amplitude, rather than the amplitude at
any later time. For this reason, the effect is referred to as a “fossil” effect, in the sense that
it is permanently imprinted in the matter distribution, even after gravitational waves have
decayed away (see also the memory effect of gravitational waves164–167). In this regard,
accurate measurement of the late-time matter distribution will allow for a reconstruction
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of the initial condition for inferring the existence of any primordial gravitational-wave per-
turbation.
The toy model we have constructed here is of course an oversimplification of the physics.
There is no lattice in the real Universe, but merely a random distribution of mass. However,
specific correlation scales in the matter field (even the primodial adibatic perturbation may
have a scale invariant spectrum, the resultant matter power spectrum is not), resulting from
a specific structure growth history in given cosmology, can play the role of a cosmic stick
that measures statistical isotropy along different directions. Next, we invoke the general
relativistic perturbation theory to study the realistic case of a matter-dominated Universe
with initial perturbations set up according to the prediction of standard single-field inflation.
5.3 Fossil imprint of gravitational waves: perturbative ap-
proach
We consider an Einstein-de Sitter (EdS) universe with flat geometry (Ωm = 1), which is
anticipated to be a good approximation when considering tensor perturbation modes that
enter the horizon after the onset of matter domination. Neglecting baryons, non-relativistic
matter is then assumed to be described by a pressure-free fluid of cold dark matter alone. At
very low redshifts, a dark energy component emerges and starts to dominate the expansion
history. We ignore this realistic complication in order to be able to derive simple analytical
results. In any case, adopting this simplification does not change the qualitative aspects of
our conclusion.
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We start with the metric Eq. (5.1) and perturbatively solve the effect of long-wavelength
tensor perturbation γij on short-scale matter clustering. The latter is quantified by two
scalar gravitational potentials Φ and Ψ, the matter density fluctuation δ = ρm/ρ̄m− 1, and
a peculiar velocity field vi for the cold dark matter fluid. Since the fossil effect is second
order in perturbation, in principle we have to consistently derive and solve gravitational and
fluid equations to that order. To this end, we decompose perturbations into a first-order
solution (labeled with (1) and whose solution is well known from the linear perturbation
theory) and a second-order solution (labeled with (2)) due to tensor-scalar coupling. For
instance, we decompose the potential perturbation Φ = Φ(1)+Φ(2), and we do the same for




i + vR,i, the first-order part is a
purely gradient flow v
(1)
i of cold gravitational collapse, but the second-order part contains
both a gradient flow v(2) and a vortical flow ∂ivR,i = 0. Full second-order calculation in
cosmological perturbation theory is a sophisticated subject. However, we may ignore terms
quadratic in linear tensor perturbation γ
(1)
ij , or terms quadratic in linear scalar/matter
perturbations, which do not contribute to tensor-scalar coupling at second order. Since we
are also not interested in seeking the second-order correction γ
(2)
ij , a negligible backreaction
from the scalar/matter perturbations on the gravitational waves,we shall use γij throughout
to represent the linear tensor mode. Following these rules, a perturbative expansion for the
curvature tensor as well as the cold dark matter energy-stress tensor are summarized in
Appendix C.
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5.3.1 Linear evolution
The knowledge of linear evolution is needed to derive second-order corrections. The
linear solutions in EdS are well known. At linear order, scalar/matter perturbations are




In the absence of linear anisotropic stress, the two scalar gravitational potentials coincide
Ψ(1) = Φ(1). Assuming adiabatic initial condition from standard inflation, the potential is
constant throughout matter domination Φ(1)(x, t) = Φ(1)(x, 0) = Φini(t). The growth of
cold dark matter density and velocity are given by




where the linear growth factor for matter is given by Tδ(k) = 1+k2/(3a2H2). On the other
hand, a linear gravitational wave with wave number K obeys the following wave equation
γ̈ij + 3Hγ̇ij + a
−2K2γij = 0. (5.10)
The solution is a linear extrapolation from the initial amplitude in the superhorizon regime
γij = Tγ(K)γini,ij , where in EdS we simply have Tγ(K, τ) = 3j1(Kτ)/(Kτ) at conformal
time τ .
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5.3.2 Second order tensor-scalar coupling
As detailed in Appendix C.2, we subtract the linear part from the perturbed Einstein
equations Eqs. (C.12)–(C.14) and fluid equations Eqs. (C.15)–(C.16) and keep the terms of
second order in perturbation. This leads to the same second-order differential equations for
second-order variables themselves as their first-order counterparts, except that in addition
they are sourced by inhomogeneous source terms that are quadratic in linear perturbations.
According to our perturbation scheme, those have to be the product of linear tensor mode
and linear scalar/matter modes.
It is most convenient to first derive an equation for the second-order potential Ψ(2),



















Assuming much longer gravitational wavelength compared to the scale of cold dark matter
















with a negligible error suppressed by O[(K/k)2]. With the scale hierarchy, the second source
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term on the right hand side of Eq. (5.11) is in fact also a factor O[(K/k)2] smaller than the
first term, and therefore may be dropped. Eq. (5.11) can be solved by the method of Green’s
function. Ignoring the source terms first, the homogeneous equation has a constant solution
f1(t) = 1 and a decaying solution f2(t) = [a(t)H(t)]



































































As shown in Figure 5.2, the function S(K) starts off from zero when the gravitational wave
mode is superhorizon (Kτ → 0), and asymptotes to 3/5 when the wave has damped out
sufficiently (Kτ ≫ 1), representing a residual “fossil” effect.
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Figure 5.2: The function S(K) during matter domination, which depends on the product
Kτ . The moment of horizon entry Kτ = 2 has been shown with the vertical line.









Φini + 2Tδ(k)γijinik̂ik̂jΦiniS(K). (5.17)
5.3.3 Second order tensor-scalar coupling: Lagrangian perspective
In the previous section, we have used the Eulerian approach to solve how gravitational
waves affect the evolution of dark matter density field and leave a fossil imprint. Here we
take the Lagrangian point of view to derive the same result. For simplicity, we shall focus
on dark matter clustering on subhorizon scales k ≫ aH.
The Lagrangian point of view is particularly intuitive for cold dark matter clustering in
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the weakly perturbed region where shell crossing of dark matter paticle flow have not yet
occured. In this case, a bunch of dark matter particles found at some position x at time t
can be uniquely traced back to some initial position q, i.e. the Lagrangian position, before
dark matter particles have started to cluster under gravity. Therefore, the evolution of the
dark matter distribution amounts to solving the displacement field s(q, t), defined through
x(q, t) = q+ s(q, t). (5.18)
At initial time t→ 0, it may be assumed that the density perturbations are negligibly small,
so that dark matter particles are uniformly distributed in Lagrangian space. The density
contrast at later times is then given by the volume conversion between the physical space






− 1 ≈ −∂ · s. (5.19)
For the approximation mark, we perturbatively expand the volume Jacobian to linear order
in perturbation. Note that to account for tensor-scalar coupling at second order, we do not
need an expansion for the Jacobian to second order. Because tensor perturbation conserves
the volume at linear order, any second order correction to the volume distortion only arises
from the second-order matter clustering itself, unrelated to the tensor perturbation. Ac-
cording to this perturbation scheme, when spatial derivatives act on first order variables
(e.g. the displacement s), it is not necessary to distinguish between the Lagrangian position
q and the Eulerian position x. Since dark matter particles are free falling, the covariant
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parametrized by the proper time λ. It suffices to identify λ with the coordinate time t in
our case, because γij does not perturb g00 and thus induces no dilation in proper time.
The Christoffel symbols are found in Eq. (C.7), except that we shall set Ψ = Φ in the
Newtonian limit. To close the system, we further provide the Newtonian Poisson equation
(valid on subhorizon scales) that determines how the gravitational potential Φ is sourced






∂i∂jΦ = 4πGρmδ = 4πGρm (−∂ · s) . (5.21)
It can be seen that gravitational waves have the geometrical effect that the “physical”
Laplacian entering the Poisson equation should be (δij−γij)∂i∂j (see the time-time Einstein
equation Eq. (C.12)), due to the “proper distance” argument we have put forth in Section
5.1.
The displacement s can be solved perturbatively. We split si = s(1)i + s(2)i, where s(1)i
is the displacement in the absence of γij , and s
(2)i corrects the Lagrangian trajectory for
the effect of γij . As can be easily derived, the first-order trajectory is determined by the
familiar Newton’s formula for acceleration in a gravitational potential
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We may take the divergence, and then combine with the Poisson equation to eliminate Φ(1).



















which admits a growing solution during matter domination 3
s(1)i = − 2
3a2H2
∂iΦ(1) = − 2
3a2H2
∂iΦini. (5.24)













and then extract the part at second order in perturbation











(1) − 2Hṡ(2)i − γ̇ij ṡ(1)j . (5.26)















where we have used divergence-free conditions ∂ · w = 0 and ∂iγij = 0. The second-order
3Note that the linear displacement generated by gravitational clustering is curl-free.
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(1) = −4πGρm∂ · s(2). (5.28)
Eq. (5.27) can be combined with Eq. (5.28) for elimination of the gravitational potential.























The general structure for the solution to Eq. (5.29) may be written






















the nonzero source term on the right hand side. The former can be found by considering














can be solved using the method of Green’s function. For matter domination,
the homogeneous solution has a growing mode g1(τ) = τ
2 and a decaying mode g2(τ) = τ
−3,
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and the retarded Green’s function reads
Gret
(






′)g2(τ ′)− g′2(τ ′)g1(τ ′)
Θ
(













τ − τ ′
)
,(5.32)












































(1− Tγ(K)) = S(K), (5.35)
with d lnTδ/d ln k = 2 for matter domination. Note that SN (K) also starts off from zero
at early times Kτ ≪ 1 and then asymptotes to −2/5 at Kτ → ∞. The final result for the
density contrast is found to be
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This result agrees with Eq. (5.17) in the subhorizon limit k ≫ aH, for which we may take
Tδ(k) = k
2/(3a2H2).
The Lagrangian computation of the fossil imprint is an improvement of the toy model
of Section 5.2 to the realistic problem of cold dark matter clustering.
5.3.4 Consistency relation for density field
As a special limit of the central result Eq. (5.17), we consider the case of infinite tensor
wavelength K → 0, or equivalently an early moment well before horizon entry. Then
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according to Pδ(k) = 4T 2δ (k)PΦ(k). A local matter power spectrum modulated by the very











which is analogous of Eq. (5.3). Following the same reasoning as in Eq. (5.5), the interpre-
tation of this result is that a local observer measures precisely no correlation between the
density fluctuation power on fixed proper scale and the long-wavelength gravitational wave.
For finite gravitational wavelength K, local observer measures a physical modulation
of local matter power spectrum by the gravitational wave, originating from the second term
∝ S(K) in Eq. (5.17). This is an effect from the tidal force, an observable consequence of the
oscillating wave that cannot be attributed to an improper choice of spatial coordinates. This
is also not a transient effect, because that term asymptotes to a finite value for Kτ → ∞
even though in that limit the tensor amplitude will die off Tγ → 0.
5.4 Fossil imprints in galaxies
Even if galaxies perfectly trace the invisible dark matter density perturbation, i.e.
assuming no galaxy clustering bias, Eq. (5.17) does not represent the observed galaxy dis-
tribution. In fact, in a inhomogeneous Universe, Eq. (5.17) describes the density field on a
slice of constant time in given gauge, namely a given choice of spacetime coordinates. The
freedom to choose different spacetime coordinates implies that the definition of constant-
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time slice is gauge dependent, and hence is the answer for a perturbation field such as
Eq. (5.17). To eliminate this gauge ambiguity, a gauge-invariant galaxy observable needs to
be defined.
5.4.1 Observed galaxy location
(z̃, n̂)
(









Figure 5.3: The apparent distribution of galaxies in observed space (dashed) differs from
the intrinsic distribution in physical space (solid) due to photon projection effects. The
distortion is described by a displacement vector ∆x = x̃− x.
Consider a galaxy, located in a perturbed Universe at comoving position x and cos-
mic time t in some globally defined coordinate system. In realistic galaxy redshift surveys,
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however, only two quantities about this galaxy may be measured — the observed (spec-
troscopy or photometric) redshift z̃, and its apparent direction n̂ on the sky. The mapping
between (z̃, n̂) and its physical coordinates (t,x) is unknown. The observer may only make
an inference about the location of this galaxy under the assumption of a specific homoge-
neous cosmology. This means that there is a background radial-distance–redshift relation
r = r̄(z), a background time–redshift relation t = t̄(z), and a background scale-factor–





n̂, t̃ = t̄(z̃). (5.40)
This procedure defines a mapping between the distribution of galaxies in physical space-
time and the distribution of galaxies in observed coordinates (Figure 5.3). The difference
between the physical location (t,x) and the apparent location (t̃, x̃), quantified by a (small)
displacement ∆x = x − x̃ and ∆t = t − t̃, is resultant from distortion to photon propa-
gation by the inhomogeneous spacetime, i.e. kinetic or gravitational redshift/blueshift of
the photon energy and gravitational deflection, as has been discussed in Section 4.1. Since
it is only the observed distribution rather than the physical distribution that is directly
measurable, the observed galaxy number density is a valid gauge invariant observable.
Projection effects can induce first-order galaxy perturbation in two ways. First, a given
physical location is mapped to a location in observed space corresponding to a different
cosmic time. Since galaxy number density constrast is defined with respect to some global
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mean at the inferred cosmic time, the observed density constrast is changed. Second,
a given volume in physical spacetime, including both the spatial comoving volume and
the redshift interval, is changed when mapped to the observed coordinates. This volume
distortion effect, quantified by a transformation Jacobian, also alters the observed galaxy
number density. For systematic analysis of the projection effects in galaxy surveys, we
refer readers to Ref.56,168–173 However, what is relevant to the fossil effect here is the
additional modulation of galaxy clustering through a distortion to photon propagation by
the gravitational wave, which is in the form of a tensor-scalar mode coupling at second
order. In this case, instead of modifying the local galaxy number density, projection effects
from tensor modes modify the local galaxy two-point correlation function.174 It is therefore
worth clarifying that what needs to be computed for our purpose is the projection effect from
long-wavelength gravitational waves, rather than that from short-wavelength scalar/matter
perturbations. This means that when computing the projection effects, we consider the
following spacetime
ds2 = −dt2 + a2(t) (δij + γij) dxidxj , (5.41)
perturbed only by (the long-wavelength) γij .
The spatial and temporal displacements ∆x and ∆t have been computed up to first
order in perturbation, through an integral along the unperturbed line of sight back to the
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where the integration variable χ is the comoving radial distance and χe is the comoving
radial distance to the source galaxy. We have decomposed ∆xi into a line-of-sight component






⊥ = 0. We have also introduced
the notation γ‖ = γijn̂
in̂j . The time delay ∆t and line-of-sight displacement ∆x‖ is a result
of the kinetic and the gravitational redshift/blueshift, while the transverse displacement
∆xi⊥ is the well known gravitational deflection. Note that for infinite tensor wavelength
K → 0, ∆t vanishes and ∆xi = −γijini xj/2.
5.4.2 Observed galaxy two-point correlation
We now derive the observed galaxy two-point correlation function. Throughout, we will
assume an unbiased galaxy population on large-scales δg = δm. Since a general relativistic
definition for galaxy bias is by itself a subtle subject worthy of separate study,163,168,175,176
we adopt this simplification, though unrealistic, to circumvent the subtlety of a consistent
theory of bias in general relativity. We will also consider an idealistic galaxy survey in which
we do not worry about practical selection effects such as magnification bias, evolution bias,
and so on. This then means that galaxy number is conserved when the physical galaxy
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d3x̃ = a3(t) [det (δij + γij)]
1/2 ng(x, t)d
3x, (5.45)
Of course, linear tensor perturbation does not physically perturb the volume element
det(δij + γij) = 1. Furthermore, in the absence of an evolution bias, comoving galaxy








= a3(t)n̄g(t). Using this fact, com-
bining with the definition of galaxy perturbation in both physical coordinates and observed
coordinates,



















i + δg ∂i∆x
i. (5.48)
We may ignore the second term, which merely accounts for the additional linear cluster-
ing proportional to the tensor perturbation and thus has nothing to do with tensor-scalar
mode coupling. The time derivative in the first term may also be neglected if we focus on
subhorizon matter clustering k ≫ aH.
The observed galaxy power spectrum on small scales is the Fourier transform of the
4This is also an oversimplification in reality, because galaxies or other matter tracers may form or perish,
and therefore their comoving number density may evolve with time. This is conventionally quantified by an
evolution bias be = d ln(a
3n̄g)/d ln a.
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Here we are correlating two points x1 = x− δx/2 and x2 = x+ δx/2, separated by a short
distance from the midpoint x = (x1+x2)/2 compared to the tensor wavelength. Therefore,
while galaxy number density fluctuates significantly from x1 to x2, the tensor perturbation
γij may be approximated as homogeneous around x. We now want to insert Eq. (5.48) into
each of the two density fields on the right hand side of Eq. (5.49). We must account for the






















to convert x1 and x2 to the midpoint location x and separation δx, we have a leading-order







































where the slowly varying functions ∆xi and ∂j∆x
i are to be evaluated at the midpoint x
and are hence treated as independent of δx. Then we have the following expressions for the
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The term δg ∂i∆x
i is easy to handle because it suffices to evaluate ∂i∆x
i at the midpoint
x. When inserting Eq. (5.48) and Eq. (5.52) into Eq. (5.49), we encounter ensemble aver-
age around x in the presence of tensor perturbation 〈· · ·〉γ(x). However, if such a term is
multiplied by coefficients of first order in γij , we may insert the global linear galaxy power
spectrum 〈δg(k)δg(k′)〉 = (2π)3δ(k + k′)Pg(k). This is independent of the direction of k,
and is also independent of the location of the local patch x. These results allow us to derive













Using the perturbative result we have obtained in Eq. (5.17) for the physical matter clus-



























The significance of this result is that in the presence of large-scale gravitational waves, the
observed galaxy power spectrum on small scales receives a direction-dependent correction
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upon the isotropic, globally averaged linear galaxy power spectrum. The correction is in
the form of a linear power modulation, proportional to the amplitude of long-wavelength
gravitational waves. The directional dependence of this piece is quadrupular, and it has
alignment with the shearing directions of the background gravitational wave. This modu-
lation of short-scale power spectrum by large-scale modes is a clear indication of an mea-
surable nonzero tensor-galaxy-galaxy bispectrum 〈δg(k1)δg(k2)γ(K)〉 in the squeezed limit
K ≪ k1, k2.
In the limit of infinite tensor wavelength K → 0, the correction in Eq. (5.54) vanishes.
This is expected, because a constant γij can be eliminated by an anisotropic rescaling
of the spatial coordinates and cannot have any physical consequence. Applying this to
the observable universe, gravitational waves whose wavelengths are still longer than the
present Hubble scale K ≪ H0 leave no observable imprint whatsoever. However, it is worth
noting that the undetectability of superhorizon gravitational waves crucially relies on the
inflationary tensor-scalar-scalar consistency relation Eq. (5.3). It is conceivable that new
physical mechanisms during inflation might have generated genuine correlation between a
long-wavelength tensor mode γij and short-wavelength adiabatic modes.
60,61,177 Then the
SFSR consistency relation Eq. (5.3) can be violated, and the fossil imprint in Eq. (5.54)
would not necessarily vanish for very long tensor wavelength.
5.4.3 Position-dependent galaxy power quadrupole
The anisotropic part of the observed galaxy power spectrum, Eq. (5.54), has a quadrupo-
lar dependence∼ γijinik̂ik̂j on the direction of small-scale clustering k̂, induced by the physical
147
CHAPTER 5. IMPRINTS FROM GRAVITATIONAL WAVES IN LARGE-SCALE
STRUCTURE
coupling between matter perturbation and gravitational waves, and some additional, mis-
aligned quadrupolar dependence ∼ (∂j∆xi)k̂ik̂j resultant from photon propagation. The
former part aligns with the metric strain tensor γij , while the latter part also depends on the
line-of-sight direction n̂ through ∂j∆xi. This angular dependence, modulated in a position
dependent way by the gravitational wave configuration, is a characteristic departure from a
universe without any large-scale relic gravitational wave, for which the small-scale matter
power spectrum is expected to be isotropic.









for m = ±2,±1, 0. These five quadrupole moments will transform by a rotation matrix if
the quantization axis for Y(lm)(k̂) is changed, and the choice of quantization axis is arbitrary.
This can be done for every local patch smaller than the tensor wavelength and therefore
the quadrupole moments are position-dependent, i.e. they vary with the central location x.










According to Eq. (5.54), the position-dependent power quadrupole tensor, being symmetric
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δij (∂ ·∆x) (x)
]
. (5.57)
The first term describes the fossil imprint that is exactly captured by the toy model of Sec-
tion 5.2 (“Lagrangian fossil effect”). The second term may be interpreted as the influence
of gravitational waves on the displacement from gravitational infall (see Section 5.3.3),
which is not modeled in Section 5.2. The final term is the gauge invariant photon pro-
jection contribution with the proper inclusion of “metric shear”.155,156 It can be directly
verified that any contribution to the physical observable Qij(x) from gravitational waves
with superhorizon wavelength vanishes.
Due to the stochastic nature of the inflationary gravitational-wave background, the









where we average over the gravitational-wave ensemble. This is an invariant observable
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If we expand the Gaussian gravitational-wave background using the TAM formalism (Eq. (4.79))
with a power spectrum per linear polarization state Eq. (4.81), we find the mean square








(2J + 1)Q2J(K, z), (5.60)
after summing over independent TAM eigenmodes labeled by the wave number K and the
total angular momentum J, M (summation over M can be explicitly done due to statistical
isotropy). For a self-contained presentation, we present explicit expressions for the kernels
Q2J(K, z) in Appendix D. In practice, the summation over J can be truncated at J ∼ Kχ,
where χ is the comoving radial distance to the source redshift z. This is because a TAM
wave with a large total-angular-momentum has no support at small radii χ . J/K. Physical
cutoffs for the range of gravitational wavenumber K are also required. Since we have
demonstrated that superhorizon wavelengths leave no physical imprint, the long-wavelength
end is physically truncated at the present horizon scale Kmin ∼ H0. On the other hand, the
short-wavelength end should be subject to the condition Kmax ≪ k if our analysis assuming
a scale hierarchy is to apply.
5.4.4 Numerical results
We now conduct a numerical study for the standard inflation scenario in which the
gravitational-wave background has an almost scale invariant power spectrum Pγ(K) =
2π2∆2γ/K
3. We then assume that the late-time cosmology is described by the flat ΛCDM
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concordance model with the WMAP+BAO+H0 best-fit cosmological parameters.
96
The perturbative results of Section 5.3 have been derived assuming a matter-dominated
universe. This is an oversimplification even for the discussion of large-scale structure for-
mation. First of all, the concordance cosmology predicts that the Universe is dominated
by radiation before z ∼ 4000, during which the growth of cold dark matter perturbation is
refrained. This results in a power break in the matter power spectrum around the horizon
scale at matter-radiation equality k = keq. Indeed, galaxy surveys probe scales that enter
the horizon before that point, the growth of which is not described by the gravitational
clustering dynamics in the EdS universe.
During radiation domination, the diffusion length of photons in the coupled baryon-
photon plasma sets the scale of Silk damping. On larger scales, radiation perturbation
dominates the gravitational potential, and therefore one needs to solve the coupled system
of photon-baryon acoustic waves and cold dark matter overdensity to derive the fossil effects.
When the former dominates, its oscillatory nature results in no coherent fossil imprint.
Below the Silk damping scale, however, the photon-baryon acoustic waves quickly damp
out, and therefore the gravitational potential becomes dominated by the cold dark matter.
In this case, it suffices to solve the growth of dark matter perturbation in a homogeneous
baryon-photon plasma. To this end, our analysis in Section 5.3 can be generalized to the
case of a background expansion dominated by radiation.178 Here we will present a simpler
computation by ignoring all fossil imprints that are possibly generated prior to the epoch
of matter domination. This means that the matter power spectrum at matter-radiaton
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k2/(3a2H2), k < keq,
k2eq/(3a
2H2), k > keq.
(5.61)
On the other hand, we shall focus on large-scale gravitational waves that enter the horizon
after matter-radiation equality. The solution for the linear gravitational-wave amplitude in
the EdS universe then continues to apply. To ensure a scale hierarchy between gravitational
waves and matter perturbations, we will only include K < keq.
At recent redshifts z < 2, the Universe is observed to be Dark-Energy-dominated.
This accelerates the cosmic expansion and therefore affects the dynamics of both matter
perturbation and gravitational waves. However, the correction is expected to be marginal.
We can take the analytical results derived for the EdS universe, express temporal evolution
everywhere as a function of the scale factor a(τ), and then use the appropriate a(z) or a(τ)
relations for ΛCDM cosmology. This approximation turns out to be fairly precise in the
presence of an emerging Dark Energy component.160
Figure 5.4 provides a demonstration of how gravitational waves on different scales con-
tribute to the mean square observed galaxy power quadrupole Q2. Naively, Maldacena’s
tensor-scalar-scalar consistency relation for single-field inflation would imply a uniform dis-
tribution per logarithmic interval of K for a scale-invariant primordial tensor power spec-
trum. This even extends to tensor wavelengths that are far beyond the present-day horizon
scale. As we have explained before, however, Maldacena’s consistency relation does not
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Figure 5.4: Mean square galaxy power quadrupole Q2 from per logarithmic interval of
gravitational wavenumber K for a source redshift z = 2. The result is normalized to ∆2γ .
We compare three cases: (1) if only the inflation tensor-scalar-scalar consistency relation
is included (dash-dotted); (2) if the nonlinear tensor-scalar mode coupling is accounted for
in the dark matter clustering (dashed); (3) gauge invariant observable with the full photon
projection effects included (solid). The vertical line represents the present-day horizon scale
H0.
correspond to a gauge-invariant observable. The observable galaxy power quadrupole has
to include nonlinear tensor-scalar mode coupling after horizon entry, and relativistic pro-
jection effects on photon projection. We see that superhorizon gravitational waves K < H0
do not leave observable fossil imprint, in spite of Maldacena’s consistency relation. We also
see that the contribution asymptotes to a constant for subhorizon wavelengths K ≫ H0,
indicating that the galaxy quadrupole is dynamically built up and is a permanent imprint
in the galaxy distribution.
In Figure 5.4, we sum over a wide range of scales in the gravitational-wave power
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Figure 5.5: Root mean galaxy power quadrupole as a function of source redshift z. The
result is normalized to ∆2γ . Marginal change in the results is found when Kmax varies.
spectrum and find the total root mean galaxy power quadrupole for given source redshift
z. For a scale-invariant primordial tensor power spectrum, the result is not sensitive to
the specific wave number cutoff adopted. It can be seen that for all redshifts relevant
for current or forthcoming large-scale structure surveys, the root mean galaxy quadrupole
is expected to be of the order of primordial tensor root mean amplitude (∆2γ)
1/2. Given
the current constraint on the inflationary tensor-to-scalar ratio r . 0.1, the prospect of
detecting fossil imprints from primordial gravitatonal waves is severely limited by cosmic
variance. A promising detectability may be achieved by high-redshift cosmic 21cm surveys
in the future.
154
CHAPTER 5. IMPRINTS FROM GRAVITATIONAL WAVES IN LARGE-SCALE
STRUCTURE
5.5 Summary
In this Chapter, we have studied the imprints of large-scale relic gravitational waves in
the large-scale structure of the Universe. We have shown that although the single-field infla-
tion tensor-scalar-scalar bispectrum implies no physical correlation between long-wavelength
gravity waves and short-wavelength matter perturbations, and hence the absence of modula-
tion of the initial matter statistics, a physical power quadrupole in galaxy clustering arises in
a position-dependent manner, once the gravitational wave becomes dynamical after horizon
entry. This “fossil” signature, at the order of the primordial gravitational-wave amplitude,
is permanently imprinted in the distribution of galaxies, despite that gravitational waves
decay due to cosmic expansion.
In standard cosmology, position-dependent galaxy power quadrupole is expected to
result from second-order nonlinear gravitational collapse, and from gravitational lensing
by foreground large-scale structure. Line-of-sight galaxy power quadrupole is known to
arise from redshift space distortions.179 All those effects are at a level probably much
greater than that of gravitational waves. Is the gravity-wave fossil signature completely
indistinguishable from other second-order effects? Not quite! According to Eq. (D.1),
parity-odd wave eigenmodes α = TB induce a position dependent power quadrupole that
varies across the sky according to the two parity-odd tensor spherical harmonics Y V B(JM)ij(n̂)
and Y TB(JM)ij(n̂), while other effects from large-scale scalar perturbations do not produce
those parity-odd patterns. One may take advantage of this property to devise optimal
estimators to look for unique signatures of the gravitational waves.
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The fossil signature from standard single-field inflation are likely to be too small to be
detected in cosmic-variance-limited surveys. However, if the single-field inflation consistency
relation for tensor-scalar-scalar bispectrum does not hold in the early Universe, a much
larger galaxy power quadrupole may be expected to correlate with relic gravitational waves,
even for wavelengths longer than the size of the visible Universe! Tight constraints on those
alternative mechanism of gravitational-wave generation can be derived from a non-detection
of galaxy power quadrupole.
Furthermore, fossil imprint of gravitational waves may have a consequence on the shape
alignment of galaxies. Galaxy weak lensing surveys have revealed a large-scale correlation
between galaxy shear (aligned ellipticity of the observed galaxy shape) and large-scale den-
sity distribution around those galaxies .180–184 Since cosmic shear induced by gravitational
lensing by foreground galaxies along is unable to explain the observed correlation, the result
is interpreted as an intrinsic alignment of galaxy shape with the surrounding large-scale
structure. Although it is not entirely transparent how the large-scale surrounding envi-
ronment precisely impacts the process of galaxy formation and thus induces the shape
alignment, it is generally believed that this intrinsic alignment results from the tidal force
generated by the large-scale matter distribution.185–194 Therefore, it is conceivable that
tidal field generated by long-wavelength gravitational waves during the epoch of galaxy
formation may also lead to galaxy shape alignment.155,178
To distinguish between the contribution from gravitational waves and from gravita-
tional potentials, the spin-two shear map is conventionally decomposed into the parity-even
E-modes and the parity-odd B-modes, analogous to what has been done for the CMB po-
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Figure 5.6: Parity-odd cosmic shear induced by tidal influence on galaxy formation from
gravitational waves. The fossil alignment scenario (blue solid) predicts stronger alignment
than the instantaneous alignment scenario (green dashed) over a wide range of angular
scales. Figure is taken from Ref.178
larization. Since the parity-odd signal is not expected to be generated by the gravitational
potential at linear order, it serves as a smoking gun for gravitational waves. This can open
up a new possibility to search for possible signatures of gravitational waves in the large-scale
structure. As an example, Figure 5.6 shows the angular power spectrum for the B-mode
intrinsic alignment for a tensor-to-scalar ratio r = 0.1, at two different source redshifts, with
an interesting signal level on large angular scales. The statistical significance, mainly lim-
ited by the random shape noise, may be greatly reduced with high galaxy number density
in forthcoming galaxy surveys such as Euclid195 and LSST.196 Finally, intrinsic shear from
gravitational waves is also expected to correlate with large-scale CMB B-mode polarizations
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from the reionization epoch.197 It would be interesting to develop more accurate and real-
istic models for the galaxy intrinsic alignment with large-scale gravitational waves, either




Accurately modeling the large-scale structure of the Universe is in general considered
a greater theoretical challenge than modeling the cosmic microwave background radiation.
While the latter can be described by linearized equations of motion to very good precision,
the former inevitably evolves into a regime of nonlinear dynamics due to gravitational
instability, on relatively short length scales . 100 Mpc in the recent Universe. Given the
plentiful of cosmological information contained in the cosmic large-scale structure about
the physical state of the very early Universe, which we have no means to observe directly,
even incremental progress in understanding the nonlinear aspect of large-scale structure
formation will be very rewarding.
The extremely large spatial and temporal scales involved in the physics of large-scale
structure create a special realm where one may test the general relativistic theory of gravity
still in the weak field regime. Indeed, the Newtonian theory of gravity is expected to be
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incapable of describing the clustering of collapsed objects across distances that approach
the Hubble distance, and the propagation of light from very distant and early objects over
a time scale comparable to the Hubble time. What is more, even a small object could have
formed out of primordial density perturbation across a super-Hubble patch at early times.
Therefore, a general relativistic understanding of nonlinear large-scale structure formation
is desirable.
It is noticable that in many contexts the problem boils down to how short-scale physics,
gravitational or baryonic, may be systematically affected by a background perturbation
spanning much larger scales. Such a scale hierarchy exists, for instance, in the study of how
the collapse of dark matter halos or galaxies out of small lumps of primordial overdensity
may be modulated by their surrounding mean environment, which varies very slowly across
large distances. This results in the phenomenon of biased clustering of clusters, galaxies,
and so on, with respect to the dark matter distribution on large scales.198,199 In a similar
way, large-scale gravitationial tidal field can have a systematic effect on the dark matter halo
spin or the galaxy orientation, giving rise to the phenomenon of intrinsic shape alignment.
In many cases, such systematic influence from large-scale perturbations lead to quantitative
predictions with clean physical interpretation.
An intuitive way to analyze how long-wavelength perturbations can affect short-scale
physics is to conjecture that the short-scale physics is not sensitive to the spatial variation
of the long-wavelength perturbations, so that the effect is equivalent to a local modification
of cosmology. This means that the average matter density Ωm (and the spatial geometry),
the expansion rate H, and so on are locally modified. This is the perspective of separate
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universes pioneered by previous analytical and computational studies.198,200–204
A simple, vivid example for the separate universes approach is the simple case of spher-
ical top-hat collapse. Consider a homogeneous flat FLRW universe, with an average matter
density ρ̄(t) satisfying the Friedmann equation. Now imagine it is perturbed by a top-
hat overdensity ρ(t) > ρ̄(t), localized within some finite radius but is perfectly spherical
symmetric and uniform. Due to Birkhoff’s theorem,205 the dynamics in the interior of the
spherical top-hat disregards the matter distribution in the exterior, i.e. the global homo-
geneous FLRW universe. Then it is as if the top-hat is a different homogeneous universe,
with a uniform matter density ρ(t) higher than the critical value ρ̄(t), and therefore it must
obey a different Friedmann equation for curved, over-critical FLRW cosmology. The same
thing will also be true for an underdense region, and irrespective of the size of the density
contrast with respect to the global ρ̄(t). Furthermore, due to exact spherical symmetry, the
picture is precise in full general relativity, regardless of the radius of the top-hat. It is even
possible to have a number of top-hat over-/under-densities of different sizes at different loca-
tions, each of which would evolve as a separate FLRW universe, making it a “Swiss-Cheese”
universe.206–208 Besides, the conclusion can be generalized to include a finite cosmological
constant.
With a stochastical initial perturbation upon a homogeneous FLRW universe, the sur-
rounding environment for a local structure formation site will not be perfectly spherical
symmetric, and therefore the aforementioned spherical top-hat picture do not exactly ap-
ply. Still, the departure can be locally captured by a tidal shear, which characterizes the
leading anisotropic effect from long-wavelength perturbations on short-scale physics. Addi-
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tional corrections are anticipated to scale with the length ratio between the short-wavelength
physics and long-wavelength physics, and are practically negligible in many cases.
In this Chapter, we aim at developing a rigorous theory of the separate universe ap-
proach within the framework of general relativity. Lagrangian observers who are freely
falling in a smoothly perturbed Universe (up to small-scale perturbations and peculiar ve-
locity) define a natural frame to interpret the evolution and geometry of the Universe in
their vicinity. If such an observer is incapable of distinguishing between the local effect of
a long-wavelength perturbation and a modified cosmology by conducting any local mea-
surement, it strongly suggests that a local coordinate system equivalent to the modified
FLRW can be constructed. This leads to the concept of Conformal Fermi Coordinates
(CFC hereafter),174 a cosmological generalization of the famous Fermi Normal Coordinates
(FNC hereafter).209 The CFC has the advantage that gauge artifacts encountered in con-
ventional cosmological perturbation theory are unambigiously fixed by reference to proper
time and proper length, and it allows for a systematic derivation of the local gravitational
effect from a general long-wavelength perturbation. Using the CFC formalism we shall draw
important conclusion on the phenomenology of large-scale structure, including the squeezed
galaxy bispectrum and scale-dependent galaxy bias.
This Chapter will be heavily based on Ref.210 and Ref.162 We will begin with a
presentation on the construction of the CFC in Section 6.1. We then discuss in Section
6.2 the general form of Einstein equations and fluid equations in the CFC frame that
correctly capture the physical nonlinear coupling between long-wavelength modes and short-
wavelength modes. After that, we apply the CFC formalism to the case of long-wavelength
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scalar perturbation in Section 6.3, and then present a computation of the squeezed-limit
matter bispectrum in Section 6.4. In the end, concluding remarks will be given in Section
6.5.
A note on our notations: the wave vector of a long-wavelength perturbation will be
denoted by kL, and that of a short-wavelength perturbation will be denoted by kS .
6.1 Conformal Fermi Coordinates
We have argued from physical intuition that the local effects of a long-wavelength per-
turbation, to leading order, mimick that of a homogeneous, but modified FLRW cosmology.
Therefore, there must exist a natural coordinate system for a free-falling local observer,
whose metric has approximately the FLRW form. This is called the Conformal Fermi Co-
ordinates (CFC), a direct generalization of the Fermi Normal Coordinates (FNC).209
We would like to clarify that the local CFC is constructed for a smoothed spacetime
with only long-wavelength perturbations. This can be achieved by first filtering out the
ubiquitous fluctuations on small scales in the Universe. Through this procedure of coarse
graining, we are able to construct a slowly-varying background spacetime, in which we then
study the dynamics of short-scale physics.
We now describe the construction of the CFC. The subscript F will be reserved for
CFC hereafter. The CFC are constructed in the vicinity of a central geodesic G, usually
taken to be the trajectory of a free-falling observer. In CFC it is required that the lowest
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order CFC metric has an FLRW form,
gFµν(x
µ




−ηµν + hFµν(τF , xiF )
]
, hFµν = O[(xiF )2]. (6.1)
Let xiF be the spatial displacement from the CFC spatial origin. Correction h
F
µν to the
FLRW form is required to start at quadratic order in xiF , which can be called the tidal
metric correction. The CFC time τF should be some suitable conformal time rather than
the observer’s proper time. Besides, a suitable local scale factor aF (τF ) should be defined
in a physical way. These considerations motivate our construction of the CFC as presented
below.
6.1.1 Construction of CFC
Figure 6.1 shows the geometrical relation between the CFC and the global coordinates.
Throughout this paper, “global coordinates” refers to some standard coordinate system
valid in a region surrounding the central geodesic G, to be distinguished from the locally
constructed CFC. This includes any standard gauge to parametrize metric and matter
perturbations.
First, we choose a set of orthonormal tetrad vectors: the CFC temporal direction (eµ0 )P
is along the tangent direction of G, and the space-like (eµi )P , i = 1, 2, 3 are three spatial
directions perpendicular to the temporal direction. The observer’s geodesic G defines the
spatial origin xiF = 0 in the CFC and is parametrrized by the proper time tF .
For a suitably chosen local expansion aF (tF ) along G, we may define a “conformal
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Figure 6.1: Construction of the CFC from Ref.210 At point P , the observer’s geodesic
G intersects a spatial hypersurface Σ, having constant conformal time τ and scale factor
a(τ) in some global coordinate system. The spatial hyper-surface ΣF , having constant
CFC conformal time τF and CFC scale factor aF (τF ), also intersects G at P , but does not
coincide with Σ in general. Any other point Q on ΣF may be connected to P by a conformal
geodesic, and is parameterized by the same τF but nonzero x
i
F . The CFC coordinates are
valid within a tubelike region bounded by hyper-surface B surrounding G.
proper time” τF through
dτF = a
−1
F (P (tF ))dtF , (6.2)
where P (tF ) is the point along the central geodesic at proper time tF . This can be integrated
to yield a unique relation τF (tF ), up to an integration constant which can be absorbed into
a redifinition of aF . We then choose τF as the CFC time coordinate.
We then define the slice of constant τF to be orthogonal to G where both intersect
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with each other. In a homogeneous FLRW universe, an arbitrary point Q on a certain slice
of constant time can be connected to the spatial origin of that slice with “straight lines”.
However, those are not true geodesics of the expanding spacetime. Instead, they would
be true geodesics if the scale factor a2(τ) is removed from the FLRW metric, i.e. the flat
metric ηµν = a
−2gµν . This provides a hint that surfaces of constant-τF in CFC can be
defined to be spanned by space-like conformal geodesics, namely geodesics with respect to
the conformal metric i.e. .
g̃µν(x) ≡ a−2F (x)gµν(x) . (6.3)
It is crucial to note that for a perturbed FLRW metric gµν = a
2(ηµν + hµν), g̃µν in general
differs from ηµν + hµν because the local scale factor aF is not necessarily identical to the
global one a. Here and throughout, a tilde will be used to denote quantities defined with
respect to this conformal metric.








= 0 , (6.4)




αβ − Cµαβ . (6.5)
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Here we define the tensor211
Cµαβ = δ
µ
α∇β ln aF + δµβ ∇α ln aF − gαβ gµλ∇λ ln aF . (6.6)
In order to obtain the leading correction to the CFC metric, it is sufficient to specify the
first and the second derivatives of aF . The first derivative of aF is fixed by Eq. (6.1). In
order to have the CFC form, the gradient of aF has to be along the tangent direction of the






= (ln aF )
′ aF (e0)µ , (6.7)
where a prime ′ denotes a derivative with respect to τF . The second derivative∇µ∇ν ln aF |xi
F
=0





















To define the spatial CFC coordinate xiF for Q, let us consider the Taylor expansion of






This curve connects point P (λ = 0) at CFC location xµF (P ) = {τF ,0} with point Q (λ = 1)




As the next coefficient in the expansion, the tangent vector of the conformal geodesic at
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It is defined such that to leading order aF (τF )x
i
F gives the proper distance from Q to P .
In principle, higher-order coefficients αµn can be then recursively obtained using Eq. (6.4).











































































These expressions are useful to derive the coordinate transformation from any global coor-
dinate system to the CFC and how physical quantities transform accordingly.
6.1.2 CFC metric
We now derive the CFC metric Eq. (6.1). We in particular determine the quadratic
terms, which represent the leading departure from a homogeneous FLRW spacetime. In-
stead of referring to the original global coordinate system, this task can be most easily
and intuitively done by thinking in terms of the CFC coordinates directly, and projecting
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various geometric quantities into the CFC frame.
To begin with, the CFC temporal coordinate vector is (ẽ0) ≡ ∂/∂x0F = aF (P )(e0)P ,
and the spatial coordinate vectors are (ẽi) ≡ ∂/∂xiF = aF (P )(ei)P . Because those are



















= a2F (P ) ηµν , (6.13)
According to our construction, the spatial CFC coordinate lines, being geodesics with re-
spect to the conformal metric, are simply parametrized in the CFC through




where βi is a constant vector and λ is some affine parameter. Since the tangent vector is




βiβj = 0, (6.15)
which implies (Γ̃F )µij |P = 0 because βi is arbitrary. One can further find that following
Eq. (6.14), all Christoffel symbols (Γ̃F )µαβ , computed with respect to g̃µν [Eq. (6.3)] and
projected into the CFC frame, vanish on the central geodesic, i.e. (Γ̃F )µαβ |P = 0. It further
follows that all first derivatives of the conformal metric g̃µν in CFC vanish along the central
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= 0 . (6.16)
This gaurantees the absence of term of O[xiF ] in the CFC metric Eq. (6.1).
Furthermore, the O[(xiF )2] terms in the CFC metric are found to be related to the
conformal Riemann curvature tensor R̃, constructed for the conformal metric, and evaluated
on G. Paralleling the analysis presented in Ref.,209 the quadratic corrections can be derived
from the equation of geodesic deviation. In the end we obtain









































Here R̃F is the Riemann curvature tensor constructed with respect to g̃µν and has its






where the covariant Riemann curvature tensor R̃µνρσ has its components computed in any
global coordinates.
The extension of this analysis to higher-order metric correction terms O[(xiF )n] in CFC
can become increasingly sophisticated. The bottom line, however, is that those terms are
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order-by-order suppressed by the spatial derivatives of the long-wavelength perturbation.
If we focus on the vicinity of the CFC origin xiF = 0, those higher-order corrections are
parametrically suppressed.
6.1.3 CFC scale factor
We have introduced the concept of a local scale factor aF (τF ), which describes how fast
the local space around the CFC observer expands as a function of the local time. However,
we have not specified how the local scale factor can be determined. In fact, following the
aforementioned construction of CFC frame, the form Eq. (6.1) is preserved under a general
reparametrization of the CFC conformal time
τF = τF (τ
′








Note that the observer’s proper time aF (τF )dτF = dtF is also invariant under the reparametriza-
tion. Of course, the new xi′F ’s have to be re-defined accordingly, following our construction
with the conformal geodesics. In general, this would lead to a different choice for constant-
time slicing, and result in different CFC metric perturbations Eqs. (6.17)–(6.19). This
suggests that without a given choice of aF (τF ), the aforementioned construction of CFC is
not unique. As an extreme but simple case, aF = 1 would correspond to the locally flat
FNC.
It is physically favorable if aF is chosen to be a locally observable quantity with physical
significance. In a homogeneous FLRW universe, “expansion of space” can be operationally
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measured from the systematic Hubble flow of nearby astronomical objects. Similarly, in
the “local universe”, we may measure a local Hubble flow. Imagine that many free-falling
observers move with 4-velocity Uµ in the neighborhood of the CFC observer. Then the








Indeed, this choice reduces to the global expansion rate when metric perturbation to an
FLRW universe is set to zero. Eq. (6.22) in fact determines aF up to a multiplicative
constant, which fixes the normalization of comoving scales.
We pass by noting that in Appendix E there are still residual gauge freedom in the
spatial CFC metric hFij at O[(xiF )2], even when a prescription has been specified to fix the
local scale factor aF (τF ).
174
In some global coordinate system, the coarse-grained universe can be described by an
FLRW spacetime perturbed by metric perturbation
ds2 = a2(τ) [ηµν + hµν ] dx
µdxν . (6.23)
We stress again that in Eq. (6.23) small-scale fluctuations have been filtered out. To stay
fully general, we do not make a specific gauge choice for hµν . For practical application,
in the following we will assume that hµν is numerically small, so that it suffices to stay
accurate at linear order in h. It is worth to note, however, that the perturbative expansion
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in hµν should be distinguished from the power expansion in x
i
F . The former expansion is
applicable as long as |hµν | ≪ 1, and is adopted here for the sake of calculational simplicity.
On the other hand, the latter expansion is essentially an expansion in the spatial derivatives
of the metric perturbation, and it holds if |xiF | is smaller than the typical scale of variation
of hµν . This defines the regime of validity for the CFC frame.
Up to linear order in metric perturbations, the observer’s 4-velocity can be parame-
terised as Uµ = a−1
(




, where the 3-velocity V io is to be treated as first-order



























In the presence of vector metric perturbations, it is consistent to introduce the rotation
vector ωi. Since the tetrad vectors are parallel transported along the central geodesic, V io
and ωi satisfy the following equations of motion, respectively,
V i′o +HV io =
1
2
∂ih00 − hi0′ −Hhi0, (6.26)
ωk′ = −1
2
εkij (∂ih0j − ∂jh0i) . (6.27)
Here a prime denotes the derivative with respect to the conformal time.
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h′ + ∂ · Vo
]
, (6.28)
where h = δijhij . On the right hand side, it is to remember that all quantities are to be
computed in global coordinates but along the CFC central geodesic. The local expansion


















The normalization of the CFC scale factor can be fixed by the requirement that aF coincides
with a when evaluated at some early, but fixed CFC proper time tF ,
aF (τF (tF ))
a(τ(t = tF ))
→ 1, as tF → 0 . (6.30)





h00,ini, as τF → 0 . (6.31)
where h00,ini = h00(τini) is the metric perturbation evaluated on the geodesic when pertur-
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This defines the physical, locally measurable CFC scale factor for the most general FLRW
metric with linear long-wavelength perturbations.
6.2 Einstein Equations and Fluid Equations
After constructing the CFC for the coarse-grained universe, we need to put small-scale
perturbations back into Eq. (6.1) in order to study their evolution in this local frame. In
particular, the small-scale perturbations obey a set of Einstein equations (the fundamental
equation of gravitational dynamics) and fluid equations (the consequence of energy-stress
conservation). The appropriate form of those equations for short-scale perturbations are
non-trivial in CFC, as they must correctly represent the local, gauge invariant influence
of long-wavelength perturbations on short-scale physics. To account for the nonlinear cou-
plings between long-wavelength perturbations and short-wavelength perturbations, we must
at least work to second order in perturbation, which is often a formidable task. As we will
see, special properties of the CFC frame can result in substantial simplification in those
equations. We begin with the discussion on Einstein equations.
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6.2.1 Coarse Graining
In reality, spacetime metric is inhomogeneous down to very small scales. For the CFC
metric to be valid over a finite region, we introduce a coarse-graining of the metric on some
comoving spatial scale L = Λ−1 to allow for the CFC metric to be valid across a region of
sufficient size surrounding the central geodesic. The CFC metric is then constructed with
respect to the coarse-grained metric perturbation hΛ with wavelengths in Fourier space
k−1 & Λ−1. In this section, we describe the coarse-graining and derive the structure of
Einstein equations in the CFC frame. Throughout we will keep up with a perturbative
calculation at linear order in the coarse-grained metric perturbation, but in principle allow
the small-scale perturbations to be nonlinear.
In some global coordinate system the Einstein equations read
Gµν [g] = 8πGTµν . (6.34)
Subtracting the homogeneous background solution, we obtain the equation for the pertur-
bation part hµν :
Ga(τ)µν [h] = 8πGTµν , (6.35)
where Ga(τ)[h] is the perturbation to the Einstein tensor, which depends on a(τ), and
Tµν only contains the perturbation to the stress energy tensor. Since we no longer need
the homogeneous background stress energy tensor, we have kept the same symbol Tµν for
simplicity.
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where the “s” components are defined as the difference between the precise quantity and
its coarse-grained counterpart, representing short-scale fluctuations. We may further split
the Einstein tensor into linear and nonlinear pieces in the metric perturbation, Ga(τ)[h] =
G(lin)[h] +G(nl)[h], where the linear piece G(lin) apparently commutes with coarse graining.
We can then coarse-grain Eq. (6.35) to find
G(lin)µν [h
Λ] +G(nl)Λµν [h] = 8πGT
Λ
µν , (6.37)
which is equivalent to an implicit equation for hΛ,
G(lin)µν [h
Λ] +G(nl)µν [h






The effective source in curly brackets on the right hand side accounts for the backreaction
of small scales perturbations to the dynamics on large scales. In reality, backreaction is a
small effect, which we will ignore in the following.
Subtracting Eq. (6.38) from Eq. (6.35), and dropping the additional source, we derive
an equation for hs:
G(lin)µν [h
s] +G(nl)µν [h]−G(nl)µν [hΛ] = 8πGT sµν , (6.39)
177
CHAPTER 6. SEPARATE UNIVERSE FORMALISM
To quantify how the long mode perturbatively affects the small-scale fluctuation hs, we
power expand in a series in hΛ:
hs = hs0 + hsΛ + hsΛ
2
+ · · · , (6.40)
where hsΛ
n
scales as (hΛ)n. For example, hs0 would be the small-scale perturbation in the
absence of the long-wavelength modes hΛ → 0, and hsΛ captures the linear response to
the long modes. Not going to nonlinear orders in hΛ, just for simplicity, we will truncate
the series at hsΛ in the following. Note that T s is defined through Eq. (6.36). Similar




s0] = 8πGT s0µν , (6.41)
just reduces to the linear perturbation theory for small-scale fluctuations. At linear order
in hΛ we obtain the equation for hsΛ:
G(lin)µν [h
sΛ] +G(nl)′µν [h
s0, hΛ + hsΛ] = 8πGT sΛµν , (6.42)











It is desirable that Eq. (6.42) is linear in the long-wavelength perturbation, but in general
fully nonlinear in hs0. This equation gives the leading impact of long-wavelength perturba-
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tions on the dynamics of short-scale physics.
Our ultimate goal is to derive the same equation in the CFC frame. In this case,
however, long-wavelength metric perturbations enter only through a modification of the
expansion rate, or through the tidal metric corrections hΛ,Fµν at O[(xiF )2]. We have the
counterpart of Eq. (6.43) in the CFC
G(lin)F[hsΛF ] +G
(nl)F′[hs0, hsΛF ] +G
(nl)F′[hs0, hΛF ] = 8πGT
sΛ,F , (6.44)





µν are computed with respect to the CFC metric. In particular, they
involve the local scale factor aF rather than the background one.
6.2.2 Einstein Equations
In the following, we shall omit the “F ” label everywhere, as we will only be dealing
with the CFC metric, except in hΛF . The equations simplify if we aim to solve the Einstein
equation on the central geodesic xF = 0. As we will see later, this turns out to be sufficient
because we are free to construct the CFC around any timelike geodesic.
Keeping up to second order in perturbation, we drop the second term on the left hand
side of Eq. (6.44) as it is of higher order. For the third term on the left hand side, we need
at least two spatial derivatives acting on hΛF to obtain a nonzero contribution at x
i = 0.
Since the nonlinear Eintein tensor contains at most two spacetime derivatives acting on
metric perturbation, hs0 must enter without any spatial derivative. Therefore, we can write
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Eq. (6.44) as
CFC, 2nd order: G(lin)µν [h
sΛ] +O(hs0∂i∂jhΛF )µν = 8πGT sΛµν . (6.45)
We thus only have to work out a limited number of terms.
On the other hand, in the subhorizon limit for the small-scale perturbations hs, the
leading terms have double spatial derivatives acting on the metric perturbation. On the
other hand, we allow the long-wavelength perturbation hΛ to be arbitrarily long. In the
subhorizon limit, Eq. (6.44) reduces to
CFC, subhorizon: G(lin,SH)µν [h
sΛ] = 8πGT sΛµν , (6.46)
where G
(lin,SH)
µν is the linearized Einstein tensor around the local FLRW background aF (τF ).
We therefore conclude that the long-wavelength modes do not appear on the left hand side
of the CFC frame Einstein equations in the subhorizon limit, which would not be the case
in global coordinates, where terms of the form hΛ∂∂hs0 are in general present.
On the right hand side of the Einstein equations, the metric enters the energy-stress
tensor with no spatial derivatives, so that hΛ does not appear at all when evaluated at
xi = 0.
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6.2.3 Fluid Equations
To close the system of equations, we need to supply with the fluid equations, which
follow from energy-stress conservation
∇µTµν = 0 , (6.47)
In the same manner as described above, we can derive the fluid equation that describes
the evolution of the long-short mode coupling contribution T sΛ. Naively, hΛF enters this
equation with only one spatial derivative, leading to a vanishing contribution on the central
geodesic in CFC. However, spatial derivatives of the velocity ∂iv
j ∼ ∂iT j0 appear in the
fluid equations. Thus, in order to close the hierarchy, we need to take one further spatial
derivative. Since the velocity itself depends on ∂hΛ, the equation for ∂iv
i involves two
spatial derivatives of the metric. In this way, hΛF enters in the small-scale dynamics in CFC
through the fluid equations. Another way to say this is that we need to know the velocity
at order xF away from the central geodesic in order to derive the evolution of the density
on the central geodesic.
6.3 Long-wavelength scalar perturbations and CFC
In this Section, we study long-wavelength scalar metric perturbations using the CFC
formalism we have developed. Those are the gravitational potential generated by the density
perturbation in the early Universe. Scalar perturbations exist in the initial condition and
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span an almost scale-invariant spectrum, so that there are both modes having very long
wavelengths and modes having short wavelengths, and the evolution of the latter is coupled
to the former because the process of gravitational clustering is nonlinear. In this section,
we study this coupling in the CFC frame.
We begin with the following coarse-grained metric with long-wavelength modes
ds2 = a2(τ)
[
−(1 + 2Φ)dτ2 + (1− 2Ψ)δijdxidxj
]
. (6.48)
This is in the conformal Newtonian (cN) gauge, and the perturbation variables are the two
gravitational potentials Φ and Ψ. Note that the cN gauge is merely a convenient choice;
other gauges may be used to define the same CFC, since the construction of Section 6.1.1
is coordinate independent. In the following, we shall assume that Φ and Ψ are small and
only compute to linear order.




1− Φ, V i
)
, (6.49)
where the 3-velocity V i is considered as first-order perturbation.1 V i obeys the equation
for geodesic motion
V i′ +HV i = −∂iΦ . (6.50)
1Throughout, uppercase V i is reserved for large-scale peculiar velocity. Later we will introduce the small-
scale peculiar velocity denoted by lowercase vi. Similar notations apply to other perturbation variables such
as the density field.
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Eq. (6.49) gives the observer’s tetrad vector in the temporal direction. The spatial tetrad






j [1 + Ψ]
)
, (6.51)
Computing the divergence of geodesic congruence as in Eq. (6.29), the local expansion
















This corrects upon the local expansion used in Ref.198 by terms involving the potentials,
in addition to the more intuitive velocity divergence. The potential terms are necessary
corrections on (super-)horizon scales, which guarantees that at all times the local Hubble
flow is exactly vph = HFdph, where vph is the physical relative velocity and dph is the proper
separation.
The local scale factor aF (τF ) may be normalized according to Eq. (6.31)
aF (τF )
a(τF )
→ 1 as τF → 0 , (6.53)










CHAPTER 6. SEPARATE UNIVERSE FORMALISM
where Φini is the initial perturbation on superhorizon scales. The local scale factor can then































ν ∇ν∇µUµ . (6.56)
6.3.1 CFC metric
Using the general results Eqs. (6.17)–(6.19), the tidal metric correction for a long-



































H ∂2V (δijδkl − δikδjl) xkFxlF .
First let us restrict to a spherically symmetric configuration around the CFC origin. This
amounts to setting V i, ∂iΦ and ∂iΨ to zero, and replacing ∂i∂jΦ with (1/3)δij∂
2Φ, and the
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same for Ψ. The components hF00 and h
F
0i then vanish, and h
F






xF,ixF,j − δij r2F
)
, (6.60)































the CFC metric up to O[(xiF )2] reads












This is exactly an FLRW spacetime with nonzero spatial curvature (and hence non-Euclidean
geometry on each constant-scale-factor slice), parametrized in the canonical stereographic
coordinates.
Next, we examine the case of more general configurations of Φ, Ψ. We will see in the
next Section that for the case of the scalar metric perturbation, a necessary condition for
the local spacetime to resemble a homogeneous FLRW universe is that all cosmic fluids have
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the same bulk motion Vi along the central geodesic, just like the central free-falling observer.
Then by way of the time-space Einstein equation, the time-space component hF0i of the tidal
metric correction evaluates to zero. Without loss of generality, we shall set hF0i = 0 for the
remainder of our discussion. We again make use of the residual gauge freedom described
in Appendix E to transform hFij into a simpler form. We consider the following choice for
Eq. (E.1)
Ai,jkl = a (δijδkl + δikδjl + δilδjk) ∂
2Ψ+ b (δij∂k∂l + δil∂k∂j + δik∂l∂j)Ψ
+c (δkl∂i∂j + δjl∂i∂k + δjk∂i∂l)Ψ, (6.64)
where the coefficients are given by a = −1/9, b = 2/3, c = −1/3. We furthermore perform
a rescaling of the radial coordinate as done in Eq. (6.62). After some algebra, a simple form
for the CFC metric with the tidal correction is derived








































It can be seen that this metric is in the conformal Newtonian form: the temporal and spatial
directions are orthogonal to each other, and the scalar correction to hF00 is related to the
trace of the space-space metric hFij , if the energy-stress tensor is without any anisotropic
stress so that Φ = Ψ. Eq. (6.65) may be referred to as the Poisson coordinates, in which
gravitational dynamics is manifestly Newtonian on scales much smaller than the Hubble
scale. Therefore, in addition to modifications of the scale factor aF and of the spatial
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curvature KF , a general configuration for the long-wavelength perturbation results in a










and the analogous KΨij . It is important to highlight that while Eq. (6.66) has the identical
form as the Newtonian tidal tensor, it involves the potential perturbation in the cN gauge,
and remains valid on arbitrarily large scales, as long as the metric perturbation is small in
amplitude.
6.3.2 Conditions for separate universe
In a homogeneous FLRW universe, the dynamics are governed by the Friedmann equa-
tions. Therefore, a CFC observer naturally expects to be able to describe the local dynamics
using the Friedmann equations (note that at linear order the anisotropic tidal correction
does not affect the evolution of the density), as long as she refers to locally measured
quantities. We now examine under what conditions this picture precisely holds.
For practical purposes, we assume that the background FLRW universe has flat spatial
geometry. According to the first Friedmann equation, the square of the Hubble rate is
related to the density. In the local CFC, the long-wavelength mode modifies both the
expansion rate H → HF and the “background” density ρ̄ → ρF . Inserting Eq. (6.52), we
find that the local version of the Friedmann equation holds only if an extra term is supplied
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H ∂iV i , (6.68)
which behaves as the spatial curvature. Here ∆cN is the local value of the long-wavelength
density perturbation. By way of the 00-Einstein equation for perturbations in the cN gauge,
it can be verified that Eq. (6.68) represents the same quantity as Eq. (6.61). Therefore, the
effective spatial curvature, depicting the local spatial geometry, also plays the expected role
in the FLRW dynamics. Furthermore, in FLRW cosmology, the spatial curvature arises as
a constant of integration, and therefore it is insightful to check if KF = K
Fr
F is indeed a
constant in time.
Let us first stay as general as possible. Assume that the Universe is filled with several,
uncoupled (ideal) fluids, labeled by I = 1, 2, · · · . Each fluid has a homogeneous equation of
state P̄I = wI ρ̄I , with a possibly time-dependent wI . The homogenous part of each fluid




= − (1 + 3wI)H3ΩI , (6.69)
where ΩI = ρ̄I/ρ̄ and ρ̄ is the total (homogeneous) energy density. Furthermore, the
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In the global cN-gauge coordinates, inhomogeneity of each component is described by a




which is to be distinguished from the velocity of the CFC observer V i. All fluids are sources














ΩI (1 + wI)VI
)
, (6.71)





ΩI (1 + wI)VI
)
. (6.72)
Each component may have a pressure perturbation δPI in addition to the density pertur-
bation δρI = ρI∆I . Those two are related in the fluid’s rest frame through
δPI ≡ c2s,I δρI , (6.73)









This means that we take into account the possibility of non-adiabatic pressure. Each fluid
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satisfies the continuity equation and the Euler equation212
∆′I + (1 + wI) ∂













∆I +Φ = 0 . (6.76)
Using Eqs. (6.69)–(6.70), Eqs. (6.71)–(6.72), and Eqs. (6.75)–(6.76), the rate of change in
Eq. (6.68) can be directly computed. For the CFC observer, V i satisfies the equation of
geodesic motion, which can be obtained by setting c2s,I = 0 in Eq. (6.76)). After some






















(1 + wI) ΩI∂i
(






H ∂2 (Φ−Ψ) . (6.77)
It is straightforward to interpret when the right hand side vanishes. First, the second term
vanishes if the long-wavelength perturbation does not support anisotropic stress, so that
Φ = Ψ, as true in FLRW cosmology. Secondly, pressureless matter (w = c2s = 0; such as
cold dark matter) always has the same geodesic bulk motion V iI = V
i as the local observer,
and hence does not contribute to the summation. Further, dark energy fluid wI = −1 also
does not contribute to the summation. This means that for ΛCDM cosmology, the separate
universe picture will be exact along the central geodesic. If there are additional fluids of
other types, then in general only if all fluids have the same geodesic motion as the CFC
observer, i.e. V iI = V
i for all I’s, then the dynamics is FLRW-like.
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The condition for separate FLRW evolution is approximately met if the sound horizons




213 In that case, non-gravitational forces are negligible on the scale of interest, and
geodesic bulk motion is a very good approximation. On the other hand, quintessence-like
fluids with wI very close to −1 would also have negligible contribution to the summation,
and is not expected to severely violate the separate universe condition. Those have been
theorized to explain the Dark Energy that induces the recent cosmic acceleration.
Now assuming that all cosmic fluids co-move with the free-falling observer, such that
Vi = δT
0













where R is the gauge-invariant curvature perturbation on comoving slices.129 The conserva-
tion of KF is hence directly related to the conservation of R at linear order in perturbation.
Note that the condition for a constant R differs from that for a constant ζ, the curvature
perturbation on uniform density slices. It is found that the latter is conserved if pressure
is only a function of energy density.214 The conservation of KF , however, does not exclude
non-adiabatic pressure.
Finally, in Appendix F we show that the local version of the second Friedmann equation
also holds given the result for HF . Unlike the first Friedmann equation, no additional
condition is imposed on the matter content of the Universe.
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6.4 Squeezed-limit matter bispectrum
We now study how the evolution of small-scale density perturbation is influenced by a
background density perturbation of very long wavelength. As we have argued at the begin-
ning of this Chapter, the small-scale perturbation effectively evolves in an FLRW universe,
with modified expansion history and an effective spatial curvature, plus an anisotropic tidal
force. We therefore first restore small-scale scalar perturbations in the CFC metric we have
derived for the coarse-grained universe. It is most convenient to work within the Poisson
coordinates

































and the small-scale modes are chosen to be parametrized by two scalar gravitational poten-
tials φ and ψ in the cN gauge 2
We now want to solve for the evolution of φ, ψ in the presence of the long-wavelength
mode Φ, Ψ. In the traditional second-order perturbation theory, one would have to solve
the nonlinear Einstein equations. However, according to the discussion in Section 6.2.2,
the CFC formalism is advantageous that this is in fact not necessary when we restrict to
the regime where short-scale perturbations have long entered the horizon. The wavelength
of the large-scale mode, on the other hand, is not limited to subhorizon scales. This regime,
2Note that here we refer to the gauge choice for short-wavelength perturbations. It should not be confused
with the gauge choice for long-wavelength perturbations, which is by construction gauge fixed in the CFC.
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though not entirely general, is actually of the most practical interest. The reason is that,
with adiabatic initial perturbations, no interesting dynamics take place at all until the
short-wavelength modes enter the horizon. The long-wavelength mode, still far outside the
horizon at that moment, do not have any dynamical impact.
Modification of the background quantities aF and KF by the long mode can be simply
accounted for in the background part of the Einstein tensor. Moreover, for subhorizon
kS ≫ H, it is consistent to set ψ = φ even at nonlinear orders. What is more, only
scalar Einstein equations, including the 00-component as well as the divergence of the 0i-
component, will be used to solve the evolution of the matter density. Finally, it is sufficient
to solve the equations right on the central geodesic G, since we are free to choose any
desired fluid trajectory to be the CFC central geodesic, provided that during the analytical
manipulation no further spatial derivative is taken. By construction, only double spatial
derivatives of the long-wavelength perturbation Φ and Ψ will enter the dynamical equations
in CFC. At second order in perturbation, the only terms in the Einstein equations have to










and correspondingly for ψ and Ψ. To contribute to the scalar equations, any tensorial
structure must contract with δij , which then vanishes due to the trace-free structure. We
therefore conclude that in the CFC no explicit second-order long-short coupling terms should
appear in the Einstein equations.
193
CHAPTER 6. SEPARATE UNIVERSE FORMALISM
6.4.1 The calculation in CFC
Provided that we are focusing on k ≫ H, the complete set of equations describing
the clustering of small-scale density modes in the background of a long-wavelength mode







i + (1 + δ)viL] = 0
v′i +HF vi + (vL · ∂)vi + (v · ∂)vL,i = −∂iφ , (6.81)
where δ and vi are the small-scale density field and peculiar velocity, respectively. To
simplify the notation, we have used xi for the CFC xiF . We have also splitted the velocity
into a small-scale component vi and a large-scale component viL. The latter, linearly induced
by the long mode, satisfies the following geodesic equation
vL,i
′ +HF vL,i +KΦij xj = 0 , (6.82)









Φ(0, τF ) , (6.83)
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For an EdS background, the matter density is modified locally in the CFC so that









where the effective curvature KF is given in Eq. (6.66). Note that the departure from
Euclidean geometry due to KF is negligible ∼ H2/KF ∼ (aH/k)2Φ on subhorizon scales
with regard to structure formation, and the major effect of KF is to modify the evolution
of ρF , and thus affect the rate of clustering.
We have explicitly seen in Eq. (6.81) that the equations are linearized in the gravity
part (the linearized Einstein tensor and the Newtonian force), but are in general nonlinear
in fluid variables δ and vi. The long mode enters through modified FLRW parameters HF
and ΩFm, as well as the tidal force in the Euler equation. Note that this is a non-trivial
advantage of the CFC frame, because we have not restricted the wavelength of the long
mode to be much shorter than the Hubble scale, so that Newtonian equations in principle
do not hold. In other words, the CFC formalism allows us to solve the evolution of small-
scale physics in the presence of background modes with arbitrarily large wavelength, but
still to be able to use equations in the Newtonian form. Also note that we are seeking a
solution of Eq. (6.81) right on the central geodesic, so that we stop at zeroth-order in xi.
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The only exception is the Euler equation, for which we keep terms linear in xi as well, since
solving the density requires an equation for the velocity convergence θ = ∂iv
i, which follows
from the divergence of the Euler equation.
Eq. (6.81) will be solved perturbatively. We split the short-scale variables, δ, vi and
φ, into a linear part, corresponding to the solution in the absence of the long mode, and a
second-order correction, due to its coupling with the long mode. For instance, we write
δ = δ(1) + δ(2), (6.86)
where δ(1) is the linear solution and δ(2) is the second-order correction. We have introduced
the proper velocity divergence θ̂ ≡ a−1F ∂ivi, which involves the local scale factor. It is
favorable to use the CFC proper time tF (derivative denoted as a dot) instead of τF as the
time variable, because we would like to compare δ with δ(1) at fixed proper time.
In an EdS universe with adiabatic initial condition, the potential is constant φ(1) = φini.









(1) = − 2
3aH∂
2φini , (6.87)
which are derived for the global expansion rate H and zero curvature Ωm = 1. We then
separate the second-order part of the continuity equation and Euler equation, which encodes
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the long-short mode coupling
δ̇(2) + θ̂(2) = −a−1F viL ∂iδ(1)
˙̂
θ(2) + 2Hθ̂(2) +
3
2














Note that on the right hand sides source terms are quadratic in linear solutions Eq. (6.87).
In keeping with our analysis of the long-short coupling, we only have to retain quadratic
terms that are products of the short-scale mode and the long-wavelength mode. What is
more, the coefficient functions must be evaluated at fixed proper time tF ; this does not
imply fixed conformal time τF , as it depends on the choice of aF . For example, HF (tF )
is the local expansion rate at fixed tF , which differs from the background expansion rate
H(tF ) = 2/(3tF ).
At initial time we set the second-order correction to be zero δ(2)|ini = θ̂(2)|ini = 0,
and the same for their time derivatives. This means that there is no physical coupling
between the long mode and the short mode in the CFC frame, a generic prediction of
single-clock inflation.174 By “physical coupling” we mean that small-scale perturbations at
fixed physical scale is not being modulated by the long-wavelength mode. By contrast, in
global coordinates we must set up the coupling between the long mode and the short mode
in accord with the inflationary consistency relation,20,161 which merely reflects the fact that
a long-wavelength perturbation also modulates proper distance scales. In this sense, the
CFC formalism is advantageous because it is free from general relativistic gauge artifacts
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that do not represent any physical coupling.
We now turn to the computation of the second-order corrections. Since we compute
to linear order in the long mode, we may compute separately the isotropic effect and the
purely anisotropic effect.
Isotropic effect: local expansion and curvature
An isotropic configuration of the long mode does not induce any tidal force KΦij = 0,
so that viL = 0. Ignoring those terms in Eq. (6.88), we then combine the time derivative of
the continuity equation and the Euler equation to find a second-order equation for δ(2),














It boils down to computing the coefficient functions on the right hand side. We first combine
Eq. (6.52) and Eq. (6.61) to obtain

















However, here the CFC quantities and the global quantities are evaluated at proper time
tF and global time t, respectively. The two times correspond to the same spacetime point
on the central geodesic, one in the CFC frame and the other in the global frame, but in
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general differ numerically. We thus need to convert to the same numerical value. We derive
for an EdS universe H(t) − H(tF ) = −Ḣ∆t, where ∆t = tF − t = 2Φ/3H. Using this
result, Eqs. (6.90)–(6.91) can be converted into




H2F (tF ) Ω
F




Inserting these into Eq. (6.89), we find

























where we have expressed the final result in terms of the long-wavelength density in the
synchronous-comoving (sc) gauge ∆sc = (2/3H2)∂2Φ. This result agrees perfectly with
the result from the Newtonian spherical collapse of an overdense, uniform top-hat as a
curved FLRW universe,198,215 provided that we identify the top-hat overdensity with the
long-wavelength density perturbation in the sc gauge so that it is also valid if the long
wavelength is not much shorter than the Hubble distance.
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Anisotropic effect: tidal force
The purely anisotropic component of the local configuration of the long-wavelength per-
turbation does not modify the local expansion rate and does not induce a spatial curvature.
To isolate the anisotropic effect, therefore, we set HF → H, aF → a, and ΩFm → Ωm = 1.
On the other hand, we should keep viL, the long-wavelength velocity component induced by
the anisotropic tidal force in the CFC. Then Eq. (6.88) reduces to the equations174
δ̇(2) + θ̂(2) = − a−1 viL ∂iδ(1)
˙̂
θ(2) + 2H θ̂(2) +
3
2









Inserting the expressions for linear perturbations Eq. (6.87) and Eq. (6.84), but then only
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6.4.2 Eulerian density



















The label G signifies that the result is only valid right on the central geodesic G. Indeed,
the calculation within the CFC frame significantly simplifies if we only seek solutions right
on G, i.e. always at the spatial origin but at all times. While the result at xi = 0 is simple,
it is far from sufficient. After all, we are interested in the density field not only at a single
point. To derive the correlation functions for the small-scale density field, for instance the
two-point correlation function or the power spectrum in Fourier space, the local observer
needs the knowledge of the density field at least across a finite region around her, i.e. at
finite xi.
To address this problem, we could compute the CFC metric to higher orders in xi,
and derive the correct dynamical equations also to higher orders in xi, and then solve for
the perturbation variables, again to higher orders in xi. Although conceptually this is
straightforward, in practice this would be extremely cumbersome. The alternative is to
realize that we are free to choose the trajectory of any fluid element of interest to be the
central geodesic and then construct an appropriate CFC around it. That is to say, for any
point Q next to the spatial origin P of a given CFC, it is possible to choose a different
geodesic G′ that passes through Q, and then compute the density at Q within the new CFC
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Figure 6.2: Illustration of the mapping between nearby CFC frames {xF }, {xF ′} (tetrads in-
dicated as arrows) constructed for the geodesics G, G′, respectively (thick solid and dashed).
The initial separation at τF = 0 of the two geodesics in the {xF } frame is given by q (dotted
arrow), which at late times is modified to q+ s due to the local geodesic deviation.
frame constructed around G′. This is illustrated in Figure 6.2.
The remaining question is how we can translate the result for density field at Q in the
new CFC frame based G′ to the result at density field at Q in the origin CFC frame based
on G (may be called the central CFC frame), so that in G, we can obtain a result for the
density field across a finite region surrounding xi = 0. Note that a result for a perturbation
field on the central geodesic, such as Eq. (6.99), is eventually expressed in terms of the initial
perturbation fields Φini(x) and φini(x) generated through the inflationary mechanism. Those
are functions of the comoving position x at early times (before perturbations have entered
the horizon and become dynamical), which we may alternatively refer to as the Lagrangian
coordinate q. Without loss of generality, we set the Lagrangian coordinate at early times on
G to be zero, and then the Lagrangian coordinate on G′ gives its initial displacement from
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G. At later times, the separation between the two geodesics will vary x = q+ s(q) because
of geodesic deviation. It boils down to the calculation of the shift vector s as a function of
the Lagrangian position q.
Note that we have q = 0 in the absence of long-wavelength perturbations and their
induced tidal correction hFµν . This is because in a homogeneous FLRW universe a comoving
separation is conserved. Therefore, it would be convenient to write down the geodesic
deviation with respect to the conformal metric g̃µν (see Eq. (6.3)) instead of the physical
metric. Then the observer’s trajectory would not be a “geodesic” of the conformal metric
g̃µν . Let us use a convenient affined paramter dλ̃ = a
−2
F dtF . A physical geodesic equation













g̃µγ∂γ ln aF . (6.100)
Because along the central geodesic Γ̃F = 0, the equation reduces to
d
dλ̃
êµ = a2FHF δµ0 , (6.101)
where êµ = a2F (e0)
µ is a vector tangent to G (rescaled from the 4-velocity vector of the CFC



















Here xα is a vector that points from G to G′ and is perpendicular to the tangent direction
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of G. It quantifies the deviation of G′ from G at each moment along G. This covariant
equation can specialize to the CFC frame, where the metric and connection coefficients




















With the relevant curvature components (R̃F )
0
00µ = −(R̃F )000µ vanishing in the CFC, the








= 0 . (6.104)
Without explicit dependence on the long-wavelength mode in this homogeneous differential
equation, it is a matter of definition to set x0 = 0 at all times. Also, the value of x0 does








with initial condition x(τF → 0) = q. Then this equation can be solved perturbatively,
accurate to linear order in the long mode. We find the shift vector to be
si(τF ) = x
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In the second line, we have used previous result for the CFC tidal metric corrections
Eq. (6.17). Eq. (6.106) is the correct result at first order in the long-wavelength perturba-
tion, and is gauge invariant due to the uniqueness of the CFC frame. This establishes a
relation between the Lagrangian position q of the neighboring geodesic G′, and its position
in the central CFC frame at a given later time, i.e.
xiF = q


















We can then relate physical quantities measured in the local CFC frame to that measured in
the central CFC frame. The latter, of course, is what we seek to derive. For a scalar quantity
such as the matter density field, the transformation is a simple shift in the assignment of
spatial coordinates. We therefore have











We will call ρF (xF , τF ) the Eulerian density field in the CFC, as different from the La-
grangian result Eq. (6.99), which only holds right on the central geodesic xiF = 0. Using
We now immediately apply the above discussion to the specific case of long-wavelength






















j = −K∆ij xj . (6.109)
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The last term, which we refer to as the displacement term, is the O[xi] correction that
generalizes the result at xi = 0 to leading order in finite xi. The presence of terms explicitly
dependent on xi is in sharp constrast with the calculation carried out in global coordinates,
usually referred to as the Standard Perturbation Theory (SPT). Otherwise, the nonvanishing
terms at xi = 0 are very similar to the result of SPT. Nevertheless, we point out two
crucial differences between the CFC result and the well known SPT result. First, the SPT
result is derived in the subhorizon limit (for all length scales involved) assuming Newtonian
dynamics. The CFC result presented in Eq. (6.110), however, is applicable to large-scale
modes of arbitrary wavelength, as long as ∆sc and K
∆
ij are in the sc gauge (the gauge choice
for the small-scale modes is not important in the subhorizon regime k ≫ H), which always
scale as double spatial derivatives of the primordial potential, rather than the potential itself.
The second point is that the displacement term appears only as a relative displacement
∝ xi from the CFC observer, who herself is also moving. The bulk velocity of the entire
CFC frame enters the SPT result, but has no local effect whatsoever on the small-scale
physics due to the Galilean Principle. These points highlight the advantage that in the
CFC gauge artifacts are removed by construction. Note also that after a Fourier transform
the displacement term has a correction to the power spectrum proportional to the spectral
slope of the linear power spectrum.
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Eq. (6.110) still does not have exactly the same numerical coefficients as in the SPT
result. The discrepancy can be accounted for by two effects. First, in the local CFC frame,
density constrast has been defined with respect to the local average density ρF , which at
fixed proper time differs from the global average ρ̄
ρF (tF ) = ρ̄(tF ) [1 + ∆sc(tF )] , (6.111)
due to the long-wavelength density perturbation. If we choose to normalize to ρ̄ in keeping
with the SPT convention, an additional correction ∆scδ
(1) must be added to Eq. (6.110).
The second effect has something to do with the fact that we always refer to fixed comoving
scale k when evaluating the short-scale perturbation. This rescales from the physical scale
by the local scale factor aF , while in SPT the global scale factor a is used. At fixed proper
time, they differ by
aF (tF ) = a(tF ) [1−∆sc(tF )/3] . (6.112)
Converting back to the comoving scale normalized to the global scale factor is equivalent to
adding back the trace part of the tensor K∆ij . In Appendix G, we show that the CFC result
Eq. (6.110) reproduces the SPT result, once the aforementioned two effects are corrected
for.
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6.4.3 Squeezed-limit matter bispectrum
Parallel to the derivation in Section 5.4.2, we can Fourier transform with respect to the
short-wavelength scale in Eq. (6.110), and obtain a local power spectrum for the small-scale




















Here Pδ(kS) is the linear power spectrum in the absence of the long-wavelength perturbation.
We see that the local power spectrum is modulated by the local value of the long-wavelength
density in the sc gauge. Given that ∆(kL) is also stochastic, the same physics encapsulated
by the modulated local power spectrum Eq. (6.113) may be rephrased in terms of the

















Here kS = (k1 − k2) /2 and µSL ≡ k̂L · k̂S and we require the squeezed limit |k1| ≈ |k2| ≈
kS ≫ kL. The prime reminds us that an overall factor (2π)3δD(k1 + k2 + kL) due to
statistical homogeneity has been omitted.
Eq. (6.114) can be interpreted as the following. Imagine that there are (imaginary)
observers distributed around the Universe across very large scales, who follow geodesic mo-
tion in a coarse-grained universe (i.e. only respond to the long-wavelength perturbation).
Each of them also carries a clock that measures the observer’s proper time since the begin-
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ning of the Universe. Then these observers can record at fixed proper time the clustering
power spectrum of small-scale density fluctuation at fixed physical wavelength in their own
vicinity. The information from all of them are then communicated through spacetime to
reach a master observer at the present epoch, who makes an estimate for the ensemble
average 〈δ(k1)δ(k2)∆sc(kL)〉, based on the information collected. Under this interpreta-
tion, Eq. (6.114) may be regarded as a squeezed matter bispectrum defined on synchronous
slices. However, note that Eq. (6.114) is applicable to a region of space more extensive
than the wavelength of the long mode, even the entire Universe, despite that the CFC has
limited range of validity. In deriving this result, the CFC construction is only utilized as a
theoretical tool.
We comment that Eq. (6.114) still does not correspond to an experimental observable in
real LSS surveys. In a perturbed universe, observers are ignorant of the true physical posi-
tion of LSS tracers. Rather, the position is inferred from the observed redshift and apparent
direction in the sky, which differs from the physical position because photon propagation
from the source objects is distorted by metric perturbations according to general relativity.
This has been discussed in Section 5.4.1 as the projection effects. We stress that both the
locally observed clustering statistics Eq. (6.114) and further correction to LSS observable
due to projection are well-defined and are separately gauge invariant.
6.4.4 Scale-dependent bias
Tracers of matter distribution in the Universe, such as galaxies, typically form out of
density peaks,216 and their abundance is sensitive to the clustering power spectrum of matter
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perturbations on scales relevant to their formation (typically k > 0.1 hMpc−1) prior to their
formation. If the small-scale power spectrum is modulated by a long-wavelength density
perturbation due to nonlinear evolution, the large-scale tracer abundance ∆g is expected
to correlate with the long-wavelength mode ∆, typically in the form of a clustering bias
∆g = bg∆. This affects the clustering of tracers on large scales.
It might be that small-scale power spectrum is modulated by long-wavelength pertur-
bations already in the initial condition, as suggested by a variety of early universe scenarios.
Regardless of the details of the physics, it is conventional to parametrize the non-Gaussianity











where Φ has Gaussian statistics, and f locNL quantifies the non-Gaussian statistics of the




1 + 2f locNL Φ
]
δ(1) , (6.116)
where δ(1) is gaussian. We see that the small-scale fluctuation is modulated by a large-scale
gravitationl potential.
Such modulation leads to a contribution to the tracer clustering bias on large scales for
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EdS cosmology22




where δc is some threshold for collapse and (bg − 1) is the Lagrangian bias in the absence
of primordial non-Gaussianity. This is a scale-dependent bias as it is enhanced on large-
scales ∆b(kL) ∝ 1/k2L, a scaling inherited from the fact that in Eq. (6.116) the modulation
is proportional to the large-scale potential Φ, rather than the large-scale density contrast
(in the sc gauge) ∆sc ∼ (k2L/H2)Φ. Therefore, primordial non-Gaussianity of the type
Eq. (6.115) leaves a prominent signature in the clustering of LSS tracers as it greatly
enhances the clustering power on large scales.
It is predicted that in standard single-field inflation, there is no physical modulation
of the type Eq. (6.115) in the initial condition. Further, our result Eq. (6.113) shows that
late-time nonlinear gravitational clustering only induces a modulation by the (sc gauge)
large-scale density ∆sc rather than the potential itself, which then only leads to a scale-
independent clustering bias. Therefore, we come to the important conclusion that in stan-
dard single-field inflation, there is no scale-dependent clustering bias on large scales arising
from general relativistic clustering.162,163 This has important implication for experiments in
an exciting era when the next generation of LSS surveys are designed to target at f locNL ∼ O(1)
to test various models of inflation.217 This is expected from the Equivalence Principle in
general relativity — a homogeneous metric perturbation can be eliminated by a change
of spacetime coordinates, and only the spatial variation of the metric perturbation has an
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impact on local physical processes. Our conclusion is in disagreement with a series of pre-
vious statements in the literature that a scale-dependent bias corresponding to an effective
f locNL = −5/3 is predicted by general relativity even for single-field inflation.218–222 Our result
also implies that the detection of a scale-dependent clustering bias ∝ 1/k2L on large scales
will be compelling evidence for non-Gaussianity in the initial condition of the Universe,
invalidating single-clock inflation.
At last, we put caveat that photon projection effects can induce apparent clustering of
tracers on large scales. Since photon propagation does not occur locally, but takes place
across cosmological distances that are comparable or larger than the wavelength of long-
wavelength perturbations, this apparent clustering has a component that does scale like an
effective f locNL parameter.
162 However, this apparent clustering is purely geometrical, and
therefore is not enhanced by the clustering bias of the type of tracer of interest. In other
words, while genuine primordial non-Gaussianity will preferentially enhance the abundance
of the most biased tracer species, projection effects induce the same amount of clustering
for all types of tracers168 3. In principle, the apparent clustering from projection effects can
be distinguished from the physical tclustering induced by primordial non-Gaussianity.
6.5 Summary
In this Chapter, we have systematically studied how the dynamics of small-scale per-
turbations can be locally affected by a long-wavelength perturbation to a homogeneous
3Here we are ignoring real-world selection effects such as magnification bias or evolution bias. Those do
vary from one type of tracer to another
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FLRW universe. We have presented a gauge invariant construction of the Conformal Fermi
Coordinates around a local observer, and have shown that short-scale physical processes
experience a modification of the expansion rate HF and an effective spatial curvature KF ,
and by inducing an anisotropic tidal correction to the FLRW metric. Our treatment is
linear in the long-wavelength perturbation, but valid on arbitrarily large scales. The range
of validity for the CFC is only limited by the scale of the long-wavelength perturbation,
but not by the Hubble scale. In the CFC frame, unphysical gauge modes are eliminated by
construction.
Using the CFC construction, we have shown that the isotropic effect from a linear long-
wavelength perturbation is identical to a modified FLRW cosmology if the long-wavelength
perturbation supports no anistropic stress, and that the sound horizon of the problem is
either zero, or negligibly small compared to the long wavelength.
In particular, we applied the CFC formalism to study the local influence of a long-
wavelength scalar perturbation. We have derived relativistic expressions for the modified
expansion rate and the effective spatial curvature as local observables, and found that the
tidal potential has an identical form with the Newtonian result on subhorizon scales, as
long as the potential in the conformal-Newtonian gauge is used. We then focused on the
problem of how short-wavelength, subhorizon density fluctuation evolves in the presence of a
long-wavelength perturbation, whose wavelength is not necessarily in the subhorizon regime.
Albeit a second-order, general relativistic problem in global coordinates, we have shown that
in the CFC frame the long-short coupling can be captured by equations involving linearized
Einstein tensor but nonlinear fluid dynamics, resembing the Newtonian theory. The density
213
CHAPTER 6. SEPARATE UNIVERSE FORMALISM
field right at the CFC spatial origin can be easily computed, and generalization to a finite
vicinity is derived using geodesic deviation. We showed that the locally measured density
field modified by the long-short coupling is formally identical to the familiar Standard
Perturbation Theory result derived at second order in the Newtonian limit, as long as the
long-wavelength density perturbation is evaluated in the synchronous-comoving gauge. We
reach the conclusion that for standard single-field inflation, no scale-dependent clustering
bias is produced on large scales, even when general relativistic dynamics is included.
Although our analysis is restricted to second order in perturbations, there is no obsta-
cle to generalize to the case of fully nonlinear small-scale modes evolving in the presence
of a linear long-wavelength mode.215 On the other hand, when the long-wavelength mode
goes nonlinear, the CFC frame still exists and resembles a uniformly and isotropically ex-
panding spacetime. But departure from the FLRW evolution is implied by the relativistic
Raychaudhuri equation, when the long-wavelength perturbation has a non-spherical con-
figuration.223 Another limitation of the CFC formalism is that it breaks down during the
radiation-dominated epoch before recombination, except on scales much larger than the
sound horizon of the plasma.
Our analytical work may have promising applications in numerical simulations of struc-
ture formation. Through implementation of the CFC frame, the influence of long-wavelength
perturbations on short-scale dynamics can be numerically studied using a simulation box
much smaller than the wavelength of the long mode, hence saving the huge computational
cost of large simulations. It would be interesting to numerically implement the isotropic
effect of long-wavelength perturbation for studying the clustering bias of LSS tracers, and
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Throughout this thesis, we consistently compute up to linear order in metric perturba-
tions. The inverse metric of the perturbed spacetime Eq. (4.1) reads
g00 = −1 + 2a, g0i = gi0 = bi, gij = δij − hij . (A.1)
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Here spatial indices of bi and hij can be raised and lowered by δ
ij and δij . The Christoffel
connection coefficients are given by
Γ000 = ȧ, (A.2)
Γ00i = Γ
0


































Now consider a general linear gauge transformation (a reparametrizaton of the spacetime
coordinates)
t −→ t− ξ(x, t), xi −→ xi − ξi(x, t). (A.8)
The metric perturbations transform as
a −→ a+ ξ̇,
bi −→ bi + ξ̇i − ∂iξ,
hij −→ hij + ∂iξj + ∂jξi. (A.9)
If we fix the choice for the static observer’s tetrads Eqs. (4.2)–(4.3), gauge transforma-
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tion Eq. (A.8) corresponds to a new observer having relative velocity ξ̇i with respect to the
original observer. Under this gauge transformation, observer’s tetrads undergo a Lorentz














The boost and the rotation are given by











Useful Results for Spherical
Harmonics
When computing the lensing kernels, we encounter the following useful integrals involv-













































where we have defined the symbol Πl1l2··· ≡ (2l1 + 1)(2l2 + 1) · · · and the parity symbol
P±l1l2l3 ≡ [1± (−)
l1+l2+l3 ]/2. These results can be derived from the results of Ref.44 Another
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where the helicity (s, s′, λ, · · · ) is restricted to ±2, and J i is the total angular momentum






























































































Completeness relations for spherical harmonic functions are useful. Recall the relation
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for which s, s′ = 0 would correspond to the ordinary spherical harmonics. Similar relations





























In this Appendix, we collect useful results for a relativistic perturbative approach to
solving the tensor-scalar coupling at second order. We consistently derive all expressions
to linear order in scalar/matter perturbations, linear order in the tensor perturbation, plus
tensor-scalar coupling terms at quadratic order. Note that a few errors in Ref.59 are
corrected here.
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C.1 Einstein and fluid equations
First, the metric Eq. (5.1) and its inverse are given by
g00 = −1− 2Φ, (C.1)
g0i = gi0 = awi, (C.2)
gij = a
2 [(1− 2Ψ)δij + γij − 2Ψγij ] , (C.3)
and
g00 = −1 + 2Φ, (C.4)
g0i = gi0 = a−1wi, (C.5)
gij = a−2
[
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The Christoffel connection coefficients are found to be
Γ000 = Φ̇,
Γ00i = ∂iΦ+ aHwi,
Γi00 = a




























2H(Ψ + Φ) + Ψ̇
)
































Γµµi = −3∂iΨ+ ∂iΦ. (C.9)
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The Einstein tensor Gµν = R
µ
ν − (1/2)Rgµν has components


















































































where we define hij = a
2(δij + γij) and h
ij = a−2(δij − γij).
The energy-stress tensor for cold dark matter reads Tµν = ρmu
µuν where u
µ is the
4-velocity. It has components
T 00 = −ρm (1 + δ) , T 0i = aρm (vi − wi) , T i0 = −aρmhij (vj − wj) , T ij = 0. (C.11)
Using Eq. (C.10) and Eq. (C.11), we can perturbatively expand the Einstein equations
Gµν = 8πGT
µ
ν , as well as the fluid equations ∇µTµν = 0. The time-time, time-space and
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space-space Einstein equations are given by








γ̇ji ∂j (3Ψ + Φ) +
1
2a














− hkl∂k∂l (Ψ− Φ)
]
δij
+hik∂k∂j (Ψ− Φ)− Φγ̈ij −Ψ∂2γij
+γ̇ij
[




























Note that the homogeneous part has been subtracted. The continuity equation and the
Euler equation read
δ̇ + ahij∂ivj − 3Ψ̇ = 0, (C.15)
v̇i +Hvi − 2Hwi +
1
a
∂iΦ = 0. (C.16)
C.2 Solving at second order
To obtain a complete set of equations governing matter perturbations, we collect
Eq. (C.12), the divergence of Eq. (C.13), the trace part of Eq. (C.14), Eq. (C.15), and
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the curl-free part of Eq. (C.16). Subtracting the first-order part in these equations leads to
∂2
a2









































(2) = 0. (C.21)
The vector perturbations wi and vR,i induced at second order, dropping out through this
decomposition, are irrelevant for our purpose. At second order, the two scalar potentials
are not necessarily identical. We therefore denote Γ(2) = Ψ(2) − Φ(2) to eliminate Φ(2) in
favor of Ψ(2). We find from Eq. (C.19)
Ψ̈(2) + 4HΨ̇(2) =
1
3a2
∂2Γ(2) +H ˙Γ(2). (C.22)




















+ ∂2Ψ(2) = ∂2Γ(2). (C.24)
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Eliminating the second-order velocity divergence, we derive another equation for the second-
order potential



















Once the second-order potential Ψ(2) is found, second-order density and velocity may be
























which directly follow from Eq. (C.17) and Eq. (C.18).
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Appendix D
Galaxy power quadrupole kernels
The power quadrupole tensor Qij(x) is a function of the source location x, which
includes a corresponding redshift z and a direction on the sky n̂. The dependence on the
sky direction may be expanded using the tensor spherical harmonics of Eq. (2.59),
Qij(x) = γTEp,JM (K)
∑
α=L,V E,TE




QαJ (K)Y α(JM)ij(n̂), (D.1)





|QαJ (K, z)|2 , (D.2)
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for α = L, V E, V B, TE, TB. Explicit expressions of QαJ (K, z) for a flat FLRW cosmology
can be derived using the explicit expressions of the TAM wavefunction (see Ref.42). The
results are




































QTEJ (K, z) = − (κ1 + κ2) j(TE,TE)J,t (Kχ) + κ3
√





from TE-type TAM modes, and












QTBJ (K) = −i (κ1 + κ2) j(TB,TB)J,t (Kχ) + iκ3
√





from TB-type TAM modes. Here χ is the comoving radial distance to a source at redshift
z. The radial functions j
(α,α′)
J,t (x) can be found in Eqs. (22), (24) and (25) of Ref.
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Finally, we present expressions for terms involving derivatives of the projection displacement





















































































































































Residual gauge freedom in CFC
For given choice of local expansion history aF (τF ), residual gauge freedom exists in the
form of a reparametrization of the spatial coordinate xiF at the third order,
xiF −→ xiF +
1
6






F +O[(xiF )4], (E.1)
where the coefficient tensor Aijkl (τF ) is an arbitrary function of the CFC time and is fully
symmetric with respect to its last three indices. This change of coordinates leads to the
following change in hFij :
hFij −→ hFij +A(i,j)kl xkFxlF +O[(xiF )3]. (E.2)
This residual gauge can be used to bring hFij into a desirable shape. As an example, one
can think of different ways to parametrize spatial hypersurfaces of constant curvature, e.g.
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conformally flat and stereographic projections. Note that Aijkl has to drop out of the final
result for a physical observable.
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The 2nd Friedmann equation in
CFC
We verify that the second Friedmann equation holds along the central geodesic in CFC.


















HΦ′ + 2H′Φ+HΨ′ +Ψ′′ − 1
3
(
∂ · V ′ +H∂ · V
)]
.(F.1)
We now use the trace (isotropic) part of the ij-Einstein equation, with a general pressure















APPENDIX F. THE 2ND FRIEDMANN EQUATION IN CFC
We then have
HΦ′ + 2H′Φ+HΨ′ +Ψ′′ − 1
3
(






























∂2 (Φ−Ψ) , (F.3)
by way of the 00-Einstein equation. Again, the second term vanishes if there is no anisotropic








(ρF + 3PF ) , (F.4)
where ρF and PF are the local “background” density and pressure, respectively. They are
modified by the underlying long-wavelength perturbation.
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Comparison between CFC and
SPT
We show that the density corrected for second-order long-short coupling Eq. (6.110) as
measured by a local observer is in agreement with the usual result of Standard Perturbation
Theory (SPT) at the second order. To compare between the two, we first refer to the same
global homogeneous density ρ̄ when defining the density constrast δ. This amounts to adding
back a contribution ∆sc δ
(1) to Eq. (6.110). Besides, we should adopt the same normalization
for the “comoving” scale k by choosing the global scale factor a. From Eq. (6.112), we add














APPENDIX G. COMPARISON BETWEEN CFC AND SPT
After taking into account the above two corrections, we find the second-order correction as

























Finally, from the perspective of a “comoving observer” in the fiducial, global cosmology, the
CFC defined around the central observer is moving due to the large-scale potential flow.
To restore this bulk motion, we may add a homogeneous displacement term (i.e. it is not























In the first step, we add a bulk displacement term, and in the second step, we adjust the

























The tensorial structures and numerical coefficients agree completely with the familiar F2
kernel in second-order SPT computed in EdS universe224 in the limit that one wave number
is much larger than the other, except for an overall factor of two, which accounts for
swapping the long-wavelength and short-wavelength modes. While the F2 kernel is derived
from Newtonian nonlinear clustering on subhorizon scales, our CFC result is even valid for
(super-)horizon scale kL. Our result has precisely the same form as the Newtonian result,
as long as the long-wavelength density perturbation in the sc gauge is used.
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